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Abstract

The work presented in this thesis deals with the construction of a new gravimetric
geoid model for Mexico. A large amount of terrestrial gravimetry collected up to year
2020 was processed in spectral combination with the satellite-derived geopotential model
GOCOO06s using the UNB’s Stokes-Helmert technique. The geoid model complies with
international standards of the regional geoid for North and Central America and its
resolution of 2.5 arc minutes is coherent with the actual spacing in gravimetry data
holdings for the country. It was found that the new geoid model agrees with the national
vertical datum by 10 cm in standard deviation, which implies a significant improvement
from previous models. Improvements are mainly due to the recent densification of
terrestrial gravity surveys, refinements in the software code of the SHGeo package, and
an optimization process to select the frequency on which the terrestrial input data takes

over from the satellite source.
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Chapter 1: Introduction

A new gravimetric geoid model for Mexico is presented as the best existing solution
in terms of coherence with the national vertical datum. It has been developed with
implementation of the Stokes-Helmert technique on a large database of terrestrial gravity
observations combined with information of the satellite geopotential model GOCOQ06s,
which is in tune with conventional parameters for the future regional geoid for North and

Central America.

The geoid model is a basic tool to take advantage of positioning based in Global
Navigation Satellite Systems (GNSS) when the vertical dimension matters in mapping
applications. This is the case of topographic modeling with sensors transported by
airplane, like the laser-based systems (LIDAR), by satellite, like the radar-based
TanDEM-X mission, or ground observations, like the modern surveying for detailed
cadastral control (e.g. Navratil and Unger, 2011; Perez et al., 2020; Rizzoli et al., 2017).
GNSS positioning for those and for many other systems delivers the observed value of
geodetic height (h), while the required height for mapping applications is most commonly
orthometric (H?). Here the geoidal height (N) makes an easy transformation when it is

known:

H°=h—-N. (1.1)



The approximation in this equation refers to the fact that H? is reckoned along the
direction of the gravity vector (g), a different path than h and N (see Figure 1.1).
Nonetheless, for most (if not all) applications, the inequality can be totally neglected

because it hardly reaches a millimeter (Vani¢ek and Kleusberg, 1986).

Topography

Geoid

Figure 1.1. Relation among orthometric, geodetic and geoidal heights.

A geoid model is a numerical array of geoidal heights, corresponding to some specific
grid of horizontal geodetic coordinates orderly stored in digital form. Computer systems
are favored to handle geoid models in such way that any arbitrary location P = (¢@p, 4p),
inside the spatial coverage of the model can be assigned with a corresponding geoidal

height (Np).

Now a days the geodetic height (hp) can be obtained with precision of few centimeters
under appropriate circumstances. This fact impulses some technological advancement, for
instance, to produce mapping in high detail; however, the geoid models struggle to follow
that level of precision. Generally speaking, current and near future mapping applications
demand a centimetric accuracy in geoid models to access the maximum possible accuracy

in orthometric heights.



It is a fact that the geoid can be calculated with sub-centimeter accuracy, implementing
the Stokes-Helmert technique under the right circumstances of high-quality input gravity
data and digital elevation models (Foroughi et al., 2018). For the test area of Auvergne,
France, it was found that the geoid model produced with the current improvements of the
Stokes-Helmert technique can be even more reliable and accurate than GNSS/leveling.
This technique can be applied to any region of the world, but the accuracy of the result is
tied to the quality of available gravity data and digital elevation models. Fortunately, now
a days the last one mentioned is readily available for any region of the world in such
conditions of quality that the impact of its errors is minimal on the geoidal height. It is in
the availability of gravity data that one can find the biggest obstacle to reach a centimetric
accuracy in the so-called gravimetric geoid. For the case of Mexico, the quantity and
quality in gravimetric data has improved in recent times due to the evolution of
methodology and implementation of reliable devises (INEGI, 2017). Nonetheless, the
quality of the full gravity dataset accumulated during several decades in Mexico is
heterogeneous: during decades of collecting gravity observations in the field, the method
and sources used to determine the horizontal and vertical position of every observation
location has changed several times. Chapter 3 contains a description of the most recent

accumulation of gravity data in Mexico, suitable for geoid computations.

1.1 The geoid and the official vertical datum in Mexico

Currently in Mexico the geoid models available, like GGM10 or EGM2008, provide

geoidal heights with typical error of two decimeters with respect to the GNSS/leveling



data, referred to the official vertical datum. Such level of precision is sufficient for most
common mapping applications, but the demand for higher precision is ever growing.
Modern applications like flood-risk assessment, 3D cadaster or GNSS-based leveling

would benefit for impact in a large amount of engineering projects.

Official vertical coordinates in Mexico are orthometric heights in Helmert’s
approximation (Heiskanen and Moritz, 1967) and its datum is NAVDS8, as realized by a
national adjustment of the first order leveling network in 2015 (INEGI, 2016). This
realization of the vertical datum is often distinguished by the name NAVD88-Mx15. This
datum is meant to represent an equipotential surface and ensures a reduction in distortions
of one order of magnitude with respect to its predecessor NGVD29. The general accuracy
of the NAVDS88-Mx15 is believed to be around 10 cm nationwide. No specific evidence
has been documented to support such precision. For a large and mountainous country like

Mexico it is a major challenge to keep distortions near to zero.

In this situation, a gravimetric geoid model is expected to follow closely the official
vertical datum of Mexico. Particularly, for the new geoid model presented in this
dissertation it has been prepared an assessment with respect to the official Mexican datum,
enriched with an assessment over the US territory, where there exists an experimental
vertical datum realized from GNSS/leveling observations, as well as from a high

resolution gravimetric geoid model, the xGeoid2020.



1.2 Research objective and contribution.

This research soughts to build a geoid model of national coverage for Mexico,
expecting to find out the implications of recent advancement in the Stokes-Helmert geoid
computation technique achieved at the University of New Brunswick (UNB). These
improvements refer to better quality in the computation of topographical effects in gravity,
a more stable process for downward continuation and a strategy to determine the optimal
degree of resolution at which is best to combine the terrestrial and satellite gravity data

sources.

The contribution of this research is the review and application of recent developments
in the UNB’s geoid computation software (Ellmann et al., 2005). It has been developed a
program named gravgrid.c to calculate predicted mean gravity values, which conform a
smoother field than that of the point values. The algorithm is based on inverse distance
weighting, which formally handles a full covariance matrix to obtain a map of estimated
error in the predictions (see Appendix A). It was developed a program named
Helmert_ref.c to handle new geopotential models in format of spherical harmonic
coefficients to obtain the reference maps of Helmert anomaly on the geoid and Helmert
spheroid of any degree and order desired, referred to any optional W, value and adapted
to any optional tide system: mean tide, tide free or zero tide. Other programs with smaller
impact were developed as well to help users of the SHGeo software simplify operations,
like normalizing the calculation for free air anomalies, the assembly of residual gravity
anomaly on the geoid, and assembly the final geoid model. The new geoid model has an

estimated precision of ¢ = 10 cm inside Mexico, twice as good as the model currently



used by the national geodetic agency in Mexico, INEGI, and about 30% better than the
latest experimental geoid model generated by the national geodetic agency of the US, the
NGS. It is offered an interpretation of the results and some views about future work that

may lead to an even better result.

1.3 Description of chapters

Details about the UNB Stokes-Helmert technique implemented to generate the new
geoid model are displayed in Chapter 2. A whole new generation of data sources has been
collected, checked and normalized to work with the UNB software package SHGeo
(Ellmann et al., 2005). As it can be seen in Chapter 3, terrestrial gravity datasets from
North and Central America had been assembled in a single and coherent file, along with
digital elevation models, a modern geopotential model and survey results from precise
NGSS and leveling. The work presented in this chapter is product of a group effort with
INEGTI’s Department of the Geoid. Chapter 4 contains specific results, maps and statistic
values obtained from every step taken from the application of the Stokes-Helmert
technique. The final geoid model is described in detail, along with an assessment and
discussion of results in Chapter 5, and lastly, a set of conclusions and recommendations

in Chapter 6.

Next, in preparation to review the theoretical aspects of the UNB’s application of the

Stokes-Helmert technique, it is offered a brief overview of basic concepts and parameters.



1.4 Overview of basic concepts

Gravity (g) is the magnitude of acceleration produced by the gravitational field of the
Earth, together with the effect of centrifugal acceleration (caused by rotational motion).
The notation g(xp, yp, Zp) specifies the gravity observed at a point P, referred by Cartesian
coordinates to a geodetic reference frame, in such way that the gravity vector (g) can be

described as follows (Torge, 2001):

cos ® cos A
cos ®sin A
sin ®

. (1.2)
gr = —9p

Thus g is a scalar, positive quantity, observable with an absolute gravimeter in units of
m/s?. Angles ®p and Ap are observed with a zenith camera, in terms of astronomical

latitude and astronomical longitude respectively, see Figure 1.2.

P(XP: yPJ ZP)

north pole

Eguatorial plane

Figure 1.2: The gravity vector oriented from a geodetic reference frame.

Clearly gp is perpendicular to the horizontal local level surface and (®p,Ap) are

closely perpendicular to the geoid for points with low height. The difference between
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(®p, Ap) and geodetic latitude and longitude (¢, A) is known as deflection of the vertical.
Alternatively, along this document, for reference of positions in spherical approximation,
g(rp, Qp) denotes the gravity at point P, where the vertical position (rp) is determined as
aradial distance from the origin of the reference frame (see Figure 1.2) and the horizontal

position Qp = (¢p, Ap) corresponds to geocentric latitude and longitude.

p =1¢

Topography

Figure 1.3: Schematics of a radial position in the spherical approximation, where the
geoid (ry) corresponds to the sphere of radius R (mean radius of the Earth) and the
position of a point on the topography is 7, (Q) = 1,(Q) + H° (Q).

Any gravity vector observed on the topography represents the combined effect of all
masses in the Earth, plus tide, which is the attraction exerted by celestial bodies like the
Sun and Moon. In practice, it is a standard procedure to calculate and remove the tide
effect from gravity observations. Hence, during this report the gravity vector is understood
as the product of Earth’s gravitation combined with the effect of Earth’s centrifugal

acceleration only.

The magnitude gp of the gravity vector §p can be split in three components: attraction
from atmospheric masses (g%), attraction from topographic masses (g5) and attraction
from the masses inside the geoid (g;,q ). It can be noticed intuitively that g;,q is by far the

largest component and gh is larger than g&. It is customary within the geodetic



community to call g} the topographic effect and g& the atmospheric effect. Both can be
calculated and removed from the observed value gp in order to obtain an estimate of the

gravity exerted by the geoid on the observation point.

Another concept, useful to dive into the Stokes-Helmert technique, is the condensed
topography. It is an artificial mass distribution in which the topographic mass is conceived
as a single, infinitesimally thin layer. The topographic mass is compressed down to this
layer located touching the surface of the geoid. The gravity attraction from condensed
topography is called condensed topography effect, it is actually similar to that of the real
topography, but generally smaller as the orthometric height increases; i.e. due to the

distance separating the gravity source and the observation point. See Figure 1.3 for

reference.
Atmosphere NT H
gpr gp I gp
Topography Absence of topography
and atmosphere Condensed
/\ Topography
m - o
|
Ellipsoid

Real space No-Topography space Helmert space

Figure 1.3: Scheme of mass distribution in three spaces and the magnitude of gravity.

The Earth's gravity potential over a point (Wp) is the number that corresponds to the
sum of gravity values found along the plumb line, counted from the center of mass of the

Earth to that point of interest. This potential is a scalar three-dimensional field which units



2

are m?s~2 and its mathematical expression is the following (Vani¢ek and Krakiwski,

1986):
d
gp=——a:/|P, or WP=—fliogdl (1.3)

where [ represents a distance measured from the center of mass to P, along the plumb line.
The set of points in space where a constant potential value is found, form an equipotential
surface. It is customary to indicate by W, the constant potential of the geoid and the
difference between the gravity potential at P and the reference value W, is called the

geopotential number (Cp).

P (1.5)
CP= WO_WP:J- gdl
0
Height values derived from this expression, like the orthometric height (H?) and the

normal height (H"), are known as physical heights, in units of meters.

Cp (1.6)
14

where g is the mean gravity observed along the plumbline from the geoid to P, and ¥ is
the mean normal gravity (Moritz, 2000) calculated from the geodetic reference ellipsoid

to a corresponding point Qp on the telluroid (Heiskanen and Moritz, 1967).

The normal gravity field is generated by a reference potential U, for which, the
reference ellipsoid is the equipotential surface U, = W,. For point P, the difference
between normal potential and real gravity potential is called the disturbing potential

(Heiskanen and Moritz, 1967):
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Tp :WP_UP (17)

1.5 Fundamental parameters

The geoid model presented in this dissertation complies with the following adopted
parameters, expecting to make it fully compatible with the future geoid for North and
Central America, as recommended by the International Association of Geodesy, Sub-

Commission 2.4c.

a) Product of the gravitational constant and the total mass of the Earth: GM =
3.986044415 x 10*m3s~2. Same in the International Height Reference Frame
(IHRF, Sanchez et al., 2021).

b) Geodetic reference frame: ITRF2008, epoch 2010.0.

c) Reference gravity potential: W, = 62,636,856.0 m?s~2. This is 4.85m?s™2
smaller than the corresponding value U, at the GRS80 ellipsoid and larger than the

conventional value adopted for the IHRF by 2.6m?s 2,
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Chapter 2: The Stokes-Helmert Technique

To an arbitrary position Q corresponds a geoidal height N({), which is directly
proportional to disturbing potential (T) and inversely proportional to the normal gravity

on the ellipsoid (y,) (Heiskanen and Moritz, 1967):

7(r,0) @1
N == &

where the disturbing potential is evaluated at the geoid level, represented by the radial
distance 7; and the normal gravity on the ellipsoid is only latitude dependent. Units in this

equation are m?/s? over m/s?. This mathematical relation is the well-known Bruns’
formula, useful to compute the precise geoidal height under some circumstances. In this
formulation the geoid is considered as the boundary of a body containing the mass of the
Earth, including the atmosphere and terrain [e.g. Heiskanen and Moritz, 1967; Vanicek
and Krakiwsky, 1986), just the way the geodetic reference ellipsoid is conceived as a

geometric body containing the same mass (M).

The Stokes-Helmert technique deals with the correct application of the Bruns’
formula, by rigorously transforming the environment of real gravity observations into an
environment free of the influence of topography, i.e. the masses outside the geoid. Such
space is advantageous also because it yields the possibility of continuing the gravity field

downward from the topographic surface to the geoid, thanks to the harmonicity implied
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on the disturbing potential outside the geoid. In spherical approximation (Ellmann and

Vanicek , 2007):

V2TH(R,Q) =0, 2.2)

where R is the mean radius of the Earth (R = 2“3+b ), represented in Figure 1.3.

In Section 2.1 it is reviewed the set of operations required to transform gravity
observations from the actual Earth’s mass distribution to the Helmert space. Such
transformation is often called Helmertization of the gravity field. Then, a strategy to
perform a practical computation of disturbing potential and geoidal height from
helmertized observations using a modified Stokes’ integral, is reviewed in Section 2.2.
Since all of this leads to obtain a precise cogeoid, i.e. a geoidal height in the Helmert
space, then the final step in the Stokes-Helmert technique would be the transformation of

the model back to the real space, as explained in Section 2.3.

2.1 Transition of actual gravity to the Helmert space.

Gravity (g (1, Q1)) and gravity anomaly (Ag (1, )), as observed on the topographic
surface, are influenced by the effect of atmospheric and topographic masses. These two
effects are first calculated, then subtracted from the observation, and replaced by the
effects of equivalent mass condensed in a thin layer placed at the geoid level. Such
composition of effects -removing one and adding back a similar one- is called direct

topographical effect (DTE*) and direct atmospheric effect (DAE*) (Vani¢ek et al., 1999):

13



t _yct
DTEH (rt, Q) — iV (rt'Q)aTV (re,)) , (2.3)

DAEH (r, Q) = 6(V“(rt,nza—rvca(rt,ﬂ)) ’ (2.4)

where V't is the gravity potential generated by topographic masses, V¢ is potential from
atmospheric mass, V¢t and V°® are potential generated by the corresponding condensation

layers.

Additionally, the secondary indirect effect produced by a shift in the position of
geopotential surfaces when the topography and atmosphere are modified, must be
considered. These terms, represented as SITE and SIAE respectively, are calculated as

follows:

SITE! (1, Q) = = (Ve (r, Q) = V(r,, Q) (2.5)

SIAE! (r,, Q) = = (VO(r, Q) = V4(r,, ) . (2.6)

In practice, all these effects are calculated in spherical approximation to reduce the
complexity of mathematical expressions. In order to avoid biasing the solution due to these
approximations, two corrections are generated (Vanicek et al., 1999): one accounts for
the omission error due to leaving out the actual ellipticity of the Earth’s shape in
topographic effects (&,) and another accounts for misalignment of the gravity vector from

a radial direction assumed in the spherical approximation (€54).

A complete operation to helmertize gravity anomaly values observed on the

topography is implemented as follows (Ellmann and Vanicek , 2007; Vanicek et al., 1999):

14



AgH (1, Q) = Ag(r,, Q) + DTE" (1, Q) + DAE® (1, Q) + SITE" (r,, Q) + (2.7)

+ SIAE" (1, Q) — £,(Q) + €54 (Q) ,

where DTE! is the dominant term of the transformation. Importantly, DTE* is function
of the variable topographic density (e.g. Martinec et al., 1995; Huang et al., 2001). It is
customary to handle units of mGal = m/s? x 1075, in all the operations related to
gravity anomaly. This units are suitable for the amplitude of variations observed on the
Earth’s surface. The use of a constant density value in computing topographic effects
induces a potential error in the geoid model for a few centimeters in mountainous areas

(Huang et al., 2001).

2.1.1 Gridding in the No-Topography space.

As it was mentioned above, the effect of topography and atmosphere can be calculated
and removed from gravity observations. When this operation is performed, the resulting
quantities correspond to the No-Topography space (Vanicek et al., 2004). Among the
characteristics of the NT space, it is highlighted here the property of smoothness of its
gravity field. In this work I use the so-called NT anomaly or Spherical complete Bouguer
anomaly (Ag™") to calculate an estimate of the mean value of gravity anomaly over
regular areas of specific resolution in latitude and longitude. In gravity field modeling,
this process is commonly known as gridding, and the result is a digital model of estimated

mean values covering the area of interest, free from data gaps.
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Analogous to the expressions in the previous section, Ag"” is obtained as follows:

Ag"T (1, Q) = Ag(r, Q) + DTEN (1, Q) + DAENT (1, Q) + (2.8)

SITENT (ry, Q) + SIAEN (1, Q) — £,(Q) + £5,(Q) ,

where,

DTEM (1, @) = 2200 (2.9)
DAEM (1, Q) = 200D (2.10)
SITENT (1, Q) = =V (1, Q) , (2.11)
SIAE (r,, Q) = 2V(1, ) . (2.12)

Taking advantage of the characteristic smoothness in A gN T ie., the reduced tilt
changes in the surface, the amplitude of errors committed by the prediction method are
certainly minimized. Moreover, the prediction of a mean gravity value is statistically more
precise than any single point prediction. Section 4.1 and Appendix A contain details about
the algorithm implemented to obtain predictions of the mean gravity anomaly, including

the estimate of prediction errors.

From this point, in the description of the computation technique it is assumed that all
quantities expressed in the equations are valid for point values as well as for mean values.
In common practice, for the geoid computations performed at UNB, the mean value is

obtained from averaging a set of point values calculated inside a cell-area of interest.
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Now, in order to transit from Ag™T to Ag", the gravity effects of condensed terrain

are considered:

Ag" (r, Q) = AgNT (1, Q) + DTEC (1, Q) + DAEC (1, Q) + (2.13)

SITEC(r,, Q) + SIAE€ (1, Q) ,
where the quantities with superscript C refer to the layer of condensed terrain.

The gridding procedure described above differs from those implemented before by e.g.,
Janak and Vanicek, 2005; Avalos-Naranjo et al., 2016b; Foroughi, 2018b. In those works,
the observations were firstly transformed into Refined Bouguer anomaly; secondly, the
gridding was applied to produce a model of Refined Bouguer anomaly; thirdly, the model
was transformed back into a model of free-air anomaly, and lastly this model was
transformed into Helmert anomaly applying simultaneously the mean effects of NT and

condensed topography.

2.2 Downward continuation.

Once in the Helmert space, the behavior of gravity anomaly can be predicted in upward

direction with the Poisson integral:

R
AT

Agh () = = f, Ag" (WK (1, Y(0, 0, R)dQ (2.14)

where 1 is the angular distance between the point of interest {1 and the integration point

', function K is the Poisson kernel, and the quantity sought Ag” (1;0) is convolved with
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K. Since the solution is implicit in the integral, Ag” (1;Q) is obtained by approximation

through an iterative process. The result is the estimated gravity field on the geoid. Details

of this process are presented by Kingdon and Vanicek , 2010.

2.3 Modified Stokes integral.

The most recent Earth geopotential models (EGM) derived only from satellite
gravimetry and satellite orbit analysis, are an excellent source to model the lower
frequencies of the gravity field, and therefore, the lower frequencies of the geoid. One of
these EGM is chosen as a pre-solved component of the geoid model in the Stokes-Helmert
technique up to a certain resolution limit (L) expressed in terms of degree and order of the
spherical harmonic expansion, on which they regularly are provided. The actual choice of
this limit usually comes from specific studies of the accuracy in varying spectral
resolution. According to Kvas et al., 2021, the high accuracy of GOCOQ6s spans in the
spectrum up to degree and order 180 or 200. One of these values can be given to the
parameter L, but in this study, it was implemented a strategy to determine L in function
of the accuracy achieved in the geoid for the target area. The method followed is close to
that proposed by Foroughi et al., 2016, creating geoid solutions with changing L, but

keeping a fixed near-zone capsize. More details are expressed in Section 5.1.

The low frequency component of the geoid, called reference spheroid (N/), is

obtained in the same way as in equation 2.1, using as input a low frequency disturbing
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potential T/, already transformed to the Helmert space. This Helmertization is achieved
by adding a DTEH and a SITEF to the spherical harmonic coefficients of the satellite

EGM; i.e.,

TH = T, + DTEHM + SITEF , (2.15)

where (Vanicek et al., 1995):

GpoR (2.16)

r

DTEF = — f H'?dQ' +
QI

G R n+1 2 .
+ N (;) (n—1) [, H' P,(cosy)dQ’ .
In practice, this calculation is carried out from topographic models expressed in spherical

harmonic coefficients to simplify the operations.

Additional details regarding the computation of T/ and its proper scale are provided
in Vanicek and Kleusberg, 1987. Analogously, the Helmert field of reference gravity

anomaly on the geoid (Ag{' (1, 2)) is obtained from T/ (Vanicek et al., 1995).

The complementary high frequency component of the geoid (SNf) is obtained from
a generalized scheme of the Stokes integral (Vani¢ek and Sjoberg, 1991). Firstly, the
integral is fed with residual gravity anomaly values on the geoid (SAgg ), which are

obtained as follows:

809" (1, Q) = Ag™ (1, ) — Agp' (1, Q) . (2.17)
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Secondly, the Stokes kernel is modified using truncation coefficients to allow the
integral run on a spherical cap of radial distance 1), and minimize the effect of the outer
zone (5 — Qy,o) (VaniCek and Kleusberg, 1987). The integral split in the domain of near

zone and far zone looks as follows:

R

H —
6NL (Q) T amye(d)

foreay, S (W(R.0)8AgH (@)de (2.18)

R . U
+ 4ny0(¢) S (I/J(Q;Q))SAgg (.Q )d.Q

QE(Qo—Qyo)

where S* is the modified Stokes kernel as function of the limit L.

2.4 Assembling the geoid.

The geoid in Helmert space is calculated assembling the lower and higher frequency
components and finally, the primary indirect topographical and atmospheric effects

(PITE" and PIAE™) are added to obtain the geoid in real space.
N(Q) = NLH(.Q) +5NLH(.Q) + PITE®(Q) + PIAE" (Q) , (2.19)

Where N(Q) + 6N (Q) is the cogeoid, and topographic effects depend also on the

terrain density (Tenzer et al., 2004):

VEQ)-VEE(Q) (2.20)

H —
PITE"(Q) = @) ,
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2.5

Heoy — VQ-ve@) (2.21)
PIAET(Q) Yo(d)

Practical considerations.

It is convenient to note that implementing Stokes-Helmert technique on real data is

challenging. Next, it is listed the set of considerations made in the case of the geoid

computation for Mexico.

Free-air gravity anomaly is commonly computed using orthometric height instead
of normal height. This is the case of datasets handled by national agencies in the
region of interest. In reaction to this situation, it was added a correction to normal
gravity, known as geoid-to-quasigeoid correction (€444) (Heiskanen and Moritz,

1967):

€gqq(Q) = z—,yl [HY(Q) — H(Q)] = ZH(Q)AgS? (2.22)

Free air anomaly in the national databases of Mexico and North America includes
an atmospheric correction, which is an equivalent operation as to applying DAEH
(Vanicek and Kleusberg, 1987). Besides, it is known that STAE H contributes less
than a centimeter to the geoid undulation worldwide; therefore, in the process of
Helmertization both atmospheric effects are safely left out. Equation 2.8 was used

as follows:
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AgNT = Ag + DTENT + SITENT . (2.23)

In this work all topographic effects are calculated using a constant density value
pPo = 2.67 g/cm3. This is a standard value taken from the estimated mean density
of the Earth’s crust. Actual differences in rock density, specially where large areas
of lower or higher density prevail, induce a change in the topographical effects
calculated. Nonetheless, the total effect of this phenomena in geoidal height in low
terrain reaches only one or two centimeters, while in mountainous areas the effect
reaches several centimeters (Huang et al., 2001). This is the amplitude of potential

error expected in the geoid model.

As the geodetic reference frame used to parameterize all the computations uses the
ellipsoid GRS80, the geoid models a surface of constant potential Wy = U, =
62636860.85 m?s~2. This datum is adopted at the moment of producing the
reference spheroid (N/?). Nonetheless, it is intended in this work to model a higher
surface, characterized by the standard value adopted for the regional geoid of
North America, W' = 62636856.0 m?s~2. For this reason, the Bruns’ formula
implemented to compute N/’ was changed by a generalized version (Heiskanen

and Moritz, 1967), in which the difference in potential is taken in consideration:

N = I=w (2.24)

where W = W4 — U,
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»  With regards to the construction of the reference spheroid N/, the case of the geoid
for Mexico requires an additional consideration. Given that the satellite-only
gravity model selected is provided with a conventional zero-tide system (see
Section 3.5), and the standard sought for the geoid models in North America is the
tide-free, also called no-tide, system, then a corrective term was added. The
transformation from zero tide to tide free system was implemented as follows

(Ekman, 1989):

SNZ" = —k(9.9 — 29.6sin%¢) cm , (2.25)

where k = 0.3 is the Love number. This transformation ranges from -2.3 to 0 cm

in the target region of the geoid model.

After reviewing the characteristics of input data for the geoid computation, next
chapter includes a flowchart, useful to clarify the relation between software modules
included in the SHGeo package, data sources and those theoretical elements reviewed

here.
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3  Chapter 3: Input data description

The strategy for precise geoid computation requires the availability of reliable
topographic information like gravity observations on the terrain to create a realistic picture
of the gravity field and digital terrain models to account for the actual mass distribution.
This chapter summarizes the characteristics of these and other datasets collected, along
with the tests and filters applied to facilitate the computation of gravity field models and

independent geoidal heights for assessment.

3.1 Geodetic survey data

Geodetic surveys are essential for cross-validating input data as well as the final geoid
model. Geodetic heights from GNSS positioning are useful to assess the precision of
digital elevation models; orthometric heights from leveling are useful to estimate geoidal
heights when combined with geodetic heights; and gravity values from gravimetry are

essential to determine the field of gravity anomaly.

(a) GNSS positions over Mexico. A total of 94,618 of these records were provided by
INEGI, some of which are created for referencing local topographic surveys (sites
physically marked and identifiable) and the rest are to support the positioning of satellite
or airborne imagery (not marked sites). For these datasets the uncertainty in horizontal

coordinates is roughly 6 = 5cm and in geodetic height it is nearly 0 = 9cm (Armando
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Lopez-Delgado, personal communication, 2021). Reference frame is ITRF08, epoch

2010.0, meaning that the epoch was homogenized.

(b) GNSS positions on benchmarks over Mexico. 21000 records of benchmarks in
Mexico with precise coordinates. The vertical datum of orthometric heights is NAVD88
from the national leveling adjustment of 2015 (INEGTI, 2016). This datum is also named
NAVDS88-Mx15 to differentiate it from the leveling adjustment performed by NOAA in

the early 1990’s.

(c) GNSS positions on benchmarks over the U.S. 32276 benchmarks in the US with
precise geodetic coordinates referred to IGS08 in observation epoch (not homogenized).
The vertical datum of orthometric heights is NAVDS88 detrended. It is well known that
the NAVDG88 contains a meter level distortion (e.g., Roman, 2010; Ahlgren et al., 2020),
therefore the NGS applied a smooth correction surface to mitigate the distortion and
delivered the corresponding orthometric heights. This dataset of orthometric heights is
considered experimental and was created for the specific purpose of assessing the quality

of geoid models (Ahlgren et al., 2020; Wang et al, 2022).

(d) Geoid slope calibration lines in the U.S. 220 benchmarks of the Geoid slope
validation survey over Colorado (GSVS17) and 218 benchmarks in Texas (GSVS11) were
provided by the NOAA’s National Geodetic Survey (Smith et al., 2013, and van Westrum
et al., 2021). These datasets contain absolute gravity observations, superior quality in
orthometric height difference (minimally constrained to NAVD88) and GNSS positioning

(van Westrum et al., 2021).
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3.2 Digital terrain models

The digital terrain model xG20-DEM was provided by the NGS, as a research product
expressly aiming to feed geoid computations for the region of North America. By using
this model, the result of terrain effects is expected to be consistent with other geoid
computation groups, like those in NRCAN and NOAA (Wang et al., 2022). This model
covers latitude 0° to 85° and east longitude 170° to 350° with an original resolution of 3”’x
3”. According to J. Krcmarik, 2021, it was made as an optimal combination of three
sources: 3DEP (USGS, 2021), MERIT (Yamazaki et al, 2017) and TanDEM-X (Wessel

et al. 2018). See Figure 3.1 for reference.

Source:

M soep
TanDEM-X

B VvErIT

Figure 3.1: Map of the source selected to construct the xG20-DEM. Image provided by
Krcmarik, 2021.
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3.3 Terrestrial gravity datasets.

According to the recommendations of data coverage listed in the last chapter, the
gravity dataset needed is enormous, involving 13 countries. Fortunately the task of
seeking and integrating different sources has been worked out for many years by INEGI
and the NGA (e.g. Avalos et al., 2016; Pavlis et al., 2010). Taking this advantage, it was

possible to assemble the largest dataset ever used to feed a geoid computation for Mexico.

(a) INEGI dataset. INEGI provided 109,955 terrestrial observations inside Mexico.
These have been accumulated since 1981 to 2020 in nearly homogeneous spacing of 2.5°,
referred to the IGSN71. According to Alvarado Cortes, 2022 (personal communication),
in most cases the expected error in gravity is about 0.3 mGal and about 3 m in orthometric
height. Under this conditions, the typical error in free air anomaly is expected to be 1

mGal.

(b) NGA dataset. NGA provided 1.6 million records of terrestrial gravimetry covering
the American countries within latitude 10° and 85°. From this dataset, 921346 records
were found in the area of interest: latitude 4° to 46° and longitude 229° to 286°. Besides
helping to cover the neighboring countries, this source provides a valuable coverage inside
Mexico (72,915 points unevenly distributed), specially noting that it offers some
densification by the northern border region on which other sources show scarce

information.

(¢) Gravimetry in Yucatan. CGS provided 9405 terrestrial and marine observations
located at the northern coast of the Yucatan peninsula. This dataset was collected during

years 1990s to map the gravimetric signature of the Chicxulub crater.
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(d) Gravimetry in Central America. IGNCR and IGNTG provided 3686 terrestrial

observations inside Costa Rica and Panama (Avalos et al., 2016).

3.4 Marine gravity datasets

For the ocean areas it was obtained the pre-modeled gravity anomaly from the last
release by the research group at Denmark Technical University: model DTU21 (Andersen
et al., 2023). This model provides a 1’x1’ grid in global coverage, with gravity anomalies
derived from analysis of satellite altimetry. It was decided to use data 15 km away from
the coastline, due to the high uncertainty of the model in areas with large fluctuations of
the sea level (e.g. Pujol et al., 2018; Andersen et al., 2017). In this version, the DTU
model includes a terrestrial coverage taken from the EGM2008 (Pavlis et al., 2010). This
terrestrial coverage was taken only for a small area of South America at the corner of the

map in Figure 3.2.
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Figure 3.2. Terrestrial and marine gravity observations by source.

3.5 Satellite geopotential model

The absolute reference for the geoid model is obtained from the satellite-only gravity
field model GOCOO06s. According to Kvas et al., 2021, this model combines the most
recent information accumulated by the satellite missions GRACE and GOCE, with
additional contributions from orbit analysis of different missions like Swarm A+B+C,
TerraSAR-X, TanDEM-X, CHAMP, GRACE and GOCE, and SLR observations to

LAGEOS, LAGEOS 2, Starlette, Stella, AJISAI, LARES, LARETS, Etalon 1/2 and

BLITS.
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It is also relevant to highlight the fact that GOCOO06s is the basic model used to
construct the experimental Earth gravity models xG20RefA and xG20RefB, which in
turn, were the base to produce the latest experimental geoid models for North America,
by NOAA and the NRCAN (Wang et al., 2022). The selection of GOCOO06s in this work
ensures full compatibility in the lower frequencies among the national geoid models in the

region.

3.6 Input data normalization

It is always convenient to perform a general check on the characteristics and quality
of the datasets obtained to make sure these are appropriate for geoid modeling. Besides
the issues of data formatting, the actions taken to verify the quality and parameterization

are explained next.

3.6.1 Surface gravity anomaly

Free air gravity anomaly on the topographic surface (Agf4(r, Q)), used as input in

equation 2.7, was calculated using the reference GRS80 (Moritz, 2000) as follows:

AgFA(rtr 'Q) = g(rtr 'Q) - V(H' 'Q) + 6gATM(rt' Q) (31)

where
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1 0%y (re,9) HZ(Q) (32)

y(H,Q) =y(r, §) + LD () + 1210

oh

is the normal gravity, and § g7 is the atmospheric correction computed by:
8947110, Q) = 0.8658 — 0.00009727 * H(Q) + 0.000000003482 * H(()? (3.3)

All these calculations were performed using the orthometric height provided by the gravity

datasets.

3.6.2 Terrain elevation model.

According to J. Krecmarik (2021), the precision of the model xG20-DEM is 1 to 3
meters over the conterminous U.S. territory. In order to determine the precision over
Mexico it was combined the geodetic height from the 48,682 GNSS coordinates available
and combined it with geoidal height from the GGM10, which has a precision o = 22cm
(Avalos et al., 2010), to obtain orthometric heights of uncertainty well below half meter.
The resulting error estimate is presented in Table 3.1, clustering the statistics by the type

of terrain.

Table 3.1: Statistics of the error estimate for the terrain model xG20-DEM.

DEM error [m] Flat Hills Mountains Total
by type of terrain 48683p
mean 0.2 2.5 4.8 1.2
sigma 2.5 5.5 8.9 4.7
max 78.4 38.0 76.9 78.4
min -13.4 -23.8 -34.8 -34.8
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The assessment by terrain classification allows noticing the negative impact of
roughness on the precision of the model. I notice the standard deviation of the total error
observed is below 5 m and it is 10% to 20% better than the figures presented in a previous
assessment under the same conditions for models SRTM4.1, TanDEM-X and CEM3

(Mendoza and Avalos, 2018). Figure 3.3 shows the map of heights in the area of interest.
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Figure 3.3. Map of orthometric height from the model xG20-DEM.

3.6.3 Validation of gravity records

From the total terrestrial gravity records collected, 6260 were labelled as outliers due

to one or more of the following conditions.

e The height in the record disagrees by more than 100 m from the digital elevation

model.
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* Records with gravity value not referred to the topographical surface.

* Duplicate records.

* Records with no valid input in fields like gravity observed, latitude/longitude or
height.

* Records exceeding clearly any local and regional trends and ranges of refined
Bouguer anomaly under a visual inspection.

* Records with error larger than 4o, in the context of comparing the modeled mean

NT anomaly to the point values used as a source for modeling in a first loop.

After removing outliers, the definitive gravity dataset was composed of 1,038,789
records of terrestrial observations. The map of these records shows no visible difference

from the map in Figure 3.4.

-130° -125° -120° -115° -110° -105° -100° -95° -90° —85° )

Figure 3.4: Point observations of free air gravity anomaly collected and normalized.
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Table 3.2: Statistic values of the free air anomaly observations.

Statistic AgF4 terrestrial AgF4 marine
mean -0.946 -10.181
sigma 32.441 27.589
max 364.513 187.500

min -162.804 -246.900

3.7 Data flow diagram.

In order to help relating the concepts reviewed in Chapter 2 and the data sources, figures
3.5, 3.6 and 3.7 present a data flow diagram. Only some program names are included in
the diagram. A full description of the SHGeo software is available in the Users’ manual

(Ellmann et al., 2005).
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Figure 3.5: Data flow of the first computation stage, including the gridding process.
Program names fa.c, realtont.cpp and gravgrid.c are part of the SHGeo software package.
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Figure 3.6: Data flow of the second computation stage, dealing with mean values related
to cell areas. Program names realtont.cpp, ksi.c and dwnc10v1.cpp are part of the SHGeo
software package.
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Figure 3.7: Data flow of the third computation stage. From Helmert gravity anomaly
values on the geoid to the geoid model. Program names PITE_global.cpp,
Ellips_corrections_MassPreserve.f, Helmert_ref.c and Stokes_integral_updated.f are part

of the SHGeo software package.
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Chapter 4: Results

This chapter presents the results of the geoid computation process, step by step.
Starting with the treatment of free air anomaly to transform the dataset of scattered
observations into a digital model of mean gravity anomaly. The mean values sought
correspond to regular areas of 2.5 arc minutes in latitude and longitude. This resolution is
in agreement with the most common spacing found in the INEGI gravity dataset. Only a

few areas in Mexico contain denser observations.

4.1 Gravity prediction in the NT space.

The general strategy to obtain a digital model of predicted mean gravity values in every
cell of 2.5°x2.5’ consists of several steps (see Figure 4.1). First of all, it is sought to make
sure the gravity field on which the predictions are implemented is as smooth as possible.
Following the idea of transforming free air gravity anomaly into refined Bouguer anomaly
(Janak and Vanicek , 2004), it was decided to compute the complete spherical Bouguer
anomaly as it is prescribed in Vanicek et al. (2004). The computation of this gravity
anomaly is equivalent to having transformed the real space into the No-Topography space
(NT space). Therefore, the complete spherical Bouguer anomaly is also called the NT-

anomaly (AgNT).

38



subtract prediction A~ P2N

topography effect NT algorithm NT averaging NT
AgF4 Ag Ag Ag
observation at observation dense grid cell 2.5°x25°
points points points (157) mean values

Figure 4.1: Algorithm followed to generate a digital model of mean gravity values.

Previous work has demonstrated the effectiveness of this strategy (Foroughi, 2019).
Next sections contain details about the transformation implemented to obtain observed

values of NT-anomaly and details about the prediction algorithm constructed.

4.1.1 Subtracting the effect of global topography.

Point observations of gravity anomaly were transformed to the No-Topography space
(Ag"NT) by computing and removing the effect of topography. Following the formulation
derived by Vanicek et al., 2004, equation 53, assuming a standard topographic density

and neglecting corrective terms of small amplitude, it was applied as follows:

AgNT (1, Q) = AgFA(r, Q) — DTENT — SITENT 4.1

where DTENT is the gravity attraction of the global topography, equivalent to g* in
different reports, and SITENT is the secondary indirect topographical effect experienced
in the NT space, accounting for the effect on gravity due to vertical displacement of
geopotential surfaces when the effect of topographic masses is removed. For practical

computations this is the operation performed:
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Tg

where L is the distance between points (13, Q) and (r{,Q"),

L(ry, Q, 7, Q) = 12 + /2 — 2117 cos () (4.4)

and, cos(y) = cospcosg’ + singsing’cos (A —A") where 9 is the angular distance

between the geocentric directions Q = (¢,A) and Q" = (¢, 1").

Both effects were calculated in point mode to perform the transformation of scattered
observations, but also in grid mode of resolution 15 arc seconds to produce digital models
of mean effect over cell areas of 2.5 x 2.5 arc minutes. See Table 4.1 and figures 4.2 and

4.3 to learn about the magnitudes obtained as mean values.

Table 4.1: Statistical values for topographical effects on surface gravity, calculated as
mean values in cell areas of 2.5 x 2.5 arc minutes.

Statistic DTENT SITENT
mean 55.586 -96.059
sigma 69.553 16.045

max 518.944 -72.286
min 15.592 -148.419
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Figure 4.2: Map of the effect of topography on gravity at the surface (DTENT).
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Figure 4.3: Secondary indirect topographical effect in the NT space (SITENT).
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4.1.2 Gravity prediction algorithm.

Once the gravity field of the observations is as smooth as the NT space, the prediction
process can be implemented with a significant reduction of the risk to commit large errors.
According to the scheme presented in Figure 4.1, the second step is the prediction of
gravity values on a dense grid of points regularly spaced. To establish such densification,
the target points can be the cell-center of cell areas 10 or more times smaller than the 2.5°,
so that the sample is significant for averaging. The process of predicting gravity values is
commonly performed by interpolation using some ready-made software, however, in this
work it was decided to build a new piece of software to implement a robust algorithm
capable to handle formal uncertainties. In this way, the output would not only be the matrix
of estimated mean values, but also the matrix of uncertainty associated. This algorithm
was provided by Dr. Petr Vanicek (2022, personal communication). See Appendix I for
details about the process of gravity prediction. Figures 4.4 and 4.5 present the map of the

resulting gravity field model and its related uncertainty.

Table 4.2: Statistical values for complete spherical Bouguer anomaly (Ag"NT).

Statistic AgNT o(AgNh)
mean 35.801 0.795
sigma 53.826 0.595
max 238.471 20.412

min -223.477 0.458
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Figure 4.4: Map of mean spherical complete Bouguer anomaly.
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Figure 4.5: Standard deviation of the predicted mean spherical complete Bouguer

anomaly.
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It is clear in Figure 4.5 that the maximum uncertainty occurs around the border between
Mexico and Guatemala. This is expected since the area contains the largest gap in the

coverage of terrestrial gravity.

4.2 Gravity anomaly in the Helmert space.

Gravity anomaly in the NT space is transformed into the Helmert space by adding the
effects of condensed topography (e.g., Tenzer et al., 2003; Yang et al., 2004). This effect
is analog to the NT-effects defined before, with the topographic mass concentrated on a
thin layer placed directly on the geoid. Such dense layer produces a gravity attraction
similar to the effect of real topography. Adopting the second Helmert’s condensation
scheme, the NT anomaly computed in the previous section requires the addition of
condensed topography effects: DTEC, SITE® and the geoid-to-quasigeoid correction

(€gq9) (€.2-s Vanicek et al., 1999; Ellmann and VaniCek , 2007).

AgH (r, Q) = AgNT (1, Q) + DTEC (1, Q) + SITEC (1, Q) + €44 4.5)

where &4,, Was computed according to equation 2.22.

Table 4.3: Statistical values for topographical effects on the surface gravity. Units mGal.

Statistic DTEC¢ SITEC¢ €949
mean 55.969 -97.196 -0.013
sigma 69.541 16.535 0.037

max 446.112 -72.291 0.174
min 18.072 -148.229 -0.407
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The Helmert space is adequate to downward continue the gravity anomaly field from
the surface to the geoid level. In this work it was applied the Jacobi iterative method as
described by Kingdon and Vanicek , 2011. The iterations in this method start using the
same input grid as approximate solution and stop using a relaxed tolerance based on the
condition number of the matrix containing the Poisson kernel. The following figures, 4.6
and 4.7, present the resulting model of Helmert anomaly on the surface and the

contribution of the downward continuation process.

T -130° -125° -120° -115° -110° -105° -100° =5

Figure 4.6: Map of Helmert gravity anomaly on the topography.
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Figure 4.7: Map of the contribution from the downward continuation process.

Table 4.4. Statistical values for the Helmert gravity anomalies on the topography (r;) and
the geoid (7) before ellipsoidal corrections. Units mGal.

Statistic AgH(r,, Q) Contribution of the
downward continuation
mean -2.693 0.222
sigma 30.848 2.558
max 294.362 54.296
min -241.335 -36.158

Once the gravity anomaly has been transferred to the geoid level, two ellipsoidal
corrections were added (see equation 2.7): the ellipsoidal correction for the gravity

disturbance (&54) and ellipsoidal correction for the spherical approximation (&).
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Figure 4.8: Map of ellipsoidal correction for gravity disturbance (&)
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Figure 4.9: Map of ellipsoidal correction for the spherical approximation (&,).
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The final result of data preparation is the model of Helmert gravity anomalies on the

geoid, i.e. the boundary values, presented in Figure 4.10
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Figure 4.10: Helmert gravity anomaly on the geoid.

Table 4.5. Statistical values for the ellipsoidal corrections and the corrected Helmert
gravity anomalies on the geoid. Units mGal.

Statistic Esg &n AgH(r,, Q)
mean 0.001 -0.034 -1.725
sigma 0.046 0.023 30.704

max 0.371 0.067 -177.761
min -0.383 -0.082 342.686
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4.3 The modified Stokes integration.

The strategy adopted to apply the Stokes integral consists in taking advantage of the
pre-modeled gravity field from satellite observations and focus in processing the residual
gravity field. Satellite-only geopotential models, like GOCOO06s, are known to be the
most accurate source to model the lower frequencies of the gravity field today, but such
characteristic fades at the so-called middle-frequencies (e.g., Gruber et al., 2019; Kvas et
al., 2021). For this reason it is important to determine a convenient limit to the degree and
order of the spherical harmonics frequency to which the pre-modeled gravity field should

be used and consider the rest as part of the residual field.

The limit mentioned (L) can be determined from recommendations casted in previous
studies about the quality assessment of the geopotential model that has been chosen. In
the case of this work, the limit selection was made differently. Applying the procedure
proposed by Foroughi et al., 2015, it was performed an analysis of local coherence
between the available harmonic coefficients of the model GOCO06s and the
GNSS/leveling points available in Mexico. It was decided to test on 20 different choices
of the frequency limit of the geopotential model: L = 60, 70, ..., 250. The integration

radius of the near-zone was kept fixed as 1y, = 6°.

The procedure mentioned proposes to generate alternative geoid models, each for
every value L to be tested. This implies generating firstly a set of 20 reference gravity field
(A gg ,) and reference spheroids (N{?), plus corresponding 20 models of residual gravity
(5Ag5 ) according to 2.17, and another 20 models of residual cogeoid (§N/?). Next is

presented the result of these alternative solutions.
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4.3.1 Reference gravity field and spheroid

Spherical harmonic coefficients of the geopotential model GOCOO06s were first
reduced to represent the reference disturbing potential (7;) by subtracting the
corresponding coefficients of normal potential. Secondly, the harmonic coefficients of the
squared heights model HnmJGP95 were used to compute the reference direct
topographical effect on gravity (DTE}), as in equation 2.17, the reference secondary
indirect topographical effect (SITE;) and the reference primary indirect topographical
effect (PITE;). Thirdly, the disturbing potential was transformed in reference gravity

anomaly using the fundamental gravimetric equation (Vanicek and Krakiwsky, 1986),

Ag, (r, Q) = ~oLy ia_VTL ) (4.6)

and then Helmertized adding DTE,, and SITE,, to obtain Ag!’. The fourth step is reserved
to compute the reference spheroid (N/), which is derived from the disturbing potential,
dividing it over normal gravity and subtracting PITE;. And finally, a degree-zero
correction was calculated and added to the reference spheroid to switch the absolute
reference of the geoid from the potential reference value W, ="U, =
6263686.085m?s™2 to the conventional value used in North America W4 =
6263656.0m?s~2. This calculation corresponds to equation 2.24. As the results obtained

in this stage are too many to be shown, only an example is presented in figures 4.11, 4.12,
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4.13, and Table 4.6. This example corresponds to case L = 230, a selected value obtained

from the analysis in Section 5.1.
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Figure 4.11. Reference gravity field in Helmert space (AgZh,).
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Figure 4.12. Residual Helmert gravity anomaly, 8Ag” (L = 230).
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Figure 4.13. Reference spheroid in Helmert space, N2,
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Table 4.6: Statistical values for the Helmertized reference quantities obtained from the
GOCO06s model up to degree 230, together with the corresponding residual gravity field.

Statistic Reference gravity Residual gravity Reference
anomaly [mGal] anomaly [mGal] spheroid [m]
mean -2.405 0.328 -26.076
sigma 28.101 20.645 13.040
max 304.437 198.914 13.923
min -193.171 -171.707 -47.680

52



4.3.2 Residual cogeoid

The modified Stokes integral was applied on a large spherical cap of radius ¥, = 6°,

which ensures a high accuracy in the computation of the near-zone of influence and yields

a minimal contribution from the far-zone for all the higher modification degrees of the test

(e.g., Vanicek and Featherstone, 1998). There was a total of 20 residual geoid models

produced. Table 4.7 shows a sample of the statistical results obtained in four of the twenty

models and Figure 4.14 presents the map of SN*.

Table 4.7: Statistical values for the residual cogeoid from different modification degrees.

Statistic NA(L =60) | N (L=120) | No(L=180) | NH(L=230)
mean 0.001 0.003 0.001 0.001
sigma 1.169 0.704 0.452 0.337
max 7.210 5.722 3.898 2.805

min -5.534 -4.349 -2.786 2112
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Figure 4.14: Residual cogeoid of degree L=230 (SN*).
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The last step in the strategy to develop the Stokes integral, the cogeoid is obtained by

adding the contributions from the reference spheroid and the residual cogeoid. This is:

NH = NH + §NH (4.6)

The difference among the 20 cogeoid models is in the decimeter level. The model that
showed the best precision uses a reference spheroid of degree and order 230. Chapter 5

presents in detail the assessment.

4.4 De-helmertization of the cogeoid.

Regardless of the parameter L chosen to construct a cogeoid model, the primary
indirect topographical effect was used as a unique transformation tool to transfer back to
the real space all of the cogeoid models produced. See Figure 4.15 and Table 4.8 for
reference. Just as well as all other effects presented, the values in this model represent the
mean PITE for every cell of coverage 2.5 x 2.5 arc minutes and the coordinate given to

such value corresponds to the middle coordinate of the cell.
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Figure 4.15. Map of the primary indirect topographical effect.

Table 4.8: Statistical values for the primary indirect topographical effect. Units m.

Statistic PITE
mean -0.049
sigma 0.082

max -0.013
min -0.897
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Chapter 5: The geoid model

There was a set of 20 geoid models produced, all using the same input data, parameters
and computational technique. The only difference among them is the degree and order of
the reference spheroid used. According to the recommendation from Foroughi et al.,
2016, the optimal solution can be identified by assessing the geoid models with reference
geoidal heights derived from GNSS observations on first order leveling control points.
The final geoid model is presented in this chapter as the result from this test and its

characteristics are explored.

5.1 Determining the optimal degree of the reference field

Four datasets of precise GNSS observations on leveling benchmarks were collected to
serve as reference to identify the geoid model of best precision. Figure 5.3 shows the

distribution of these datasets, described in Chapter 3.

Next, the comparison of modeled geoidal height, from each of the 20 models, to the
four datasets produced. The differences are summarized in Figure 5.1, separated for every

GNSS dataset in terms of standard deviation (L, norm).
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Figure 5.1: Standard deviation of the difference in geoidal height.
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It can be noticed from the plots in Figure 5.1, that in all four cases the geoid model

improves its coherence with GNSS/leveling data when the degree of reference spheroid

increases. Nonetheless, such improvement fades after degree 180 or 200. In all four cases

the minimum standard deviation is reached at degree 230 and, therefore, this was the

combination chosen to set the final geoid model.

5.2 The geoid model xGGM23

The definitive geoid model for Mexico, identified as xGGM23, is a purely gravimetric

solution, optimally combining satellite and terrestrial gravity observations. The satellite-

only model GOCOOQ6s is taken as a base pre-modeled solution, transformed to tide-free
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system for the low frequencies of the spectrum, from degree and order zero to 230 of the
spherical harmonic expansion, while the rest of the spectrum is modeled by the sole
influence of terrestrial surveys on land and satellite altimetry on the oceans. The coverage
ranges 10° to 40° in latitude and 235° to 280° in longitude. The array of geoidal heights
provided represent the estimate of mean value over areas covering 2.5 arc minutes in
latitude and longitude. The vertical reference of geoidal height is the geodetic ellipsoid
GRS80 in reference frame ITRF 2008 and the level surface represented by this geoid
model corresponds to the Earth’s gravity potential 62636856.0m?s™2. Regarding the
reference epoch, the model is catalogued as “single epoch” or “longtime model”, since it
was created from input gravity data spanning from the years 1960’s to 2020, treating them

as simultaneous observations.

From this point in the document, the new geoid model for Mexico is referred to as

xGGM23, which stands for “experimental gravimetric geoid for Mexico 2023”.

1o’ I e T
9125' -120° -115" -110° -105"

Figure 5.2: The geoid model for Mexico, xGGM23.
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Table 5.1: Statistical values of geoidal height. Units [m].

Statistic Geoidal height (N)
mean -26.124
sigma 13.026

max 14.626
min -47.7729

The parameterization of the geoid model complies with the convention promoted
formal agreement between the geodetic agencies of Canada and the US for the regional
geoid for North America (e.g. NGS, 2013; Veronneau and Huang, 2016). It is additionally
coincident with the 2003 International Earth Rotation and Reference Frames Service
conventions (McCarthy and Petit, 2004). This parameterization can be switched to comply
with a different convention. For instance, to make it comply with the International Height
Reference System (Sanchez et al., 2021) it is necessary to add a constant value of 26.5 cm
to all geoidal heights and add the effect of tide system difference, from tide-free to zero-
tide, which varies from 0 to 3 cm (latitude-dependent) over Mexico. Another
transformation of interest could be fitting to the mean sea level of tide gauge in Rimouski,
Canada, to resemble the original reference of NAVDS&S. In this case the geoidal heights

should be diminished by 32 cm.

5.3 Assessment

Four datasets of geodetic GNSS/leveling were used to analyze the performance of
model XGGM23. One of them is the most significant because it is located inside Mexico

and realizes the official vertical datum. The remaining three datasets, located in the US,
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are considered as independent validation tools of higher quality than those existing in
Mexico. Additionally, it is presented a comparison with the latest experimental geoid
model generated by the US National Geodetic Survey to learn about the general agreement

with North American standards.

5.3.1 Comparison with GNSS/leveling data.

Independently from the comparisons made before to determine the optimum degree of
the reference spheroid, an assessment is necessary to estimate the the actual precision of
the new geoid model. In this section, the data used as reference for the assessment are the

four GNSS/leveling datasets described in Chapter 3 with the following characteristics:

Table 5.2: General characteristics of the GNSS/leveling datasets.

Dataset Mexico US GSVSI11 GSVS17
Datum NAVDS88-Mx15 NAVDS&8- NAVDS88 NAVDS&8
detrended
Total points 16629 9900 218 222
Typical error (h) 9 cm I cm 0.4 cm 0.4 cm
Typical error (H) 3 mm vk 3 mm vk 0.7mm+vk | 0.7mm+k

Although it is also recommended to make use of rigorous orthometric heights for the
leveling control to improve the congruency of the height system, in this study it was used
the Helmert approximation to orthometric heights as it was obtained from the geodetic

national agencies in US and Mexico.
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The reference geoidal height from terrestrial surveys was obtained using this formula:

Ngnss = hgnss — HLeveling (5.1)

Comparing the point GNSS-derived geoidal heights to the mean values modeled, the

difference (AN = Npoqe1 — Ngnss) 18 summarized in Table 5.3. Units [m].

Table 5.3: Statistical values of geoidal height error estimated from different sources.

Statistic Mexico US GSVS11 GSVS17
Mean 0.363 -0.011 0.316 0.608
Standard deviation 0.141 0.052 0.049 0.034
Maximum 1.111 0.558 0.402 0.690
Minimum -0.621 -0.546 0.144 0.513

The mean values in Table 5.3 represent the mean datum difference of each model with
respect to the datum in every GNSS/leveling dataset. Although the leveling datasets of
Mexico and the calibration lines are referred to the same datum, their respective mean is
significantly different from each other due to well-known distortion in the NAVDS8S. This
can be confirmed with additional information in the next section. Now, figures 5.3 and 5.4
present a map and profiles of detrended difference, i.e., point differences after removing

the bias to see them centered in zero and making it easier to focus on the dispersion.
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Figure 5.3. Geoidal height difference on national GNSS/Leveling datasets. Units [m].

It can be noticed from Figure 5.3 that the geoidal height difference is smoother in the

US territory. The difference grows locally in Mexico to decimeter level but shows no

correlation with topography. The areas showing the most notorious difference are (a)

Sonora in north-western Mexico with the geoid model higher by some 30 to 40 cm, (b)

Colima on the central west coast, where the geoid model is half meter below, and (c)

Guerrero in central Mexico with 30 cm below. A few other smaller areas present similarly

large difference in the states of Baja California Sur, Durango, Hidalgo and Chiapas.
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Figure 5.4. Geoidal height difference on the calibration lines (blue line) and corresponding

orthometric height (light brown line).

For the case of calibration lines, it can be confirmed that the error in geoidal height is
uncorrelated to topography. In line GSVSI11, the geoid seems to be affected by a large
signal around benchmark 78. The reason for this hasn’t been identified. As for the line
GSVSI17, the estimated error is comparable to the error obtained by those recent geoid

models presented in the 1 cm geoid experiment (Wang et al., 2021).
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5.3.2 Comparison with independent solutions.

It is presented in this section the result of a new assessment on three geoid models
relevant for Mexico: a) GGM10, which is currently distributed by INEGI (INEGI, 2015);
b) GGM-CA-2015, produced by the Pan American Institute of Geography and History
under leadership of INEGI (Avalos et al., 2016); and c) xGeoid20A, the latest
experimental geoid produced by collaboration between NGS and CGS (Wang et al.,
2022). The first two were created with a Stokes-Helmert technique and the last one was

created under Molodenski’s theory.

In its original format, the model xGeoid2020 covers North America with a resolution
of 1 arc minute. Every geoidal height corresponds to the estimated point value at the
corners of every cell of size 1" X 1'. In order to perform a fair comparison with the rest of
the models, the geoidal heights from xGeoid2020 where firstly sampled on a dense grid
of resolution 0.5 arc minutes using a bilinear interpolation. Secondly the grid was
generalized by averaging the 25 sample points found inside every cell of size 2.5" x 2.5,

assigning the coordinates for very mean value to the cell-center.

Taking as reference only the GNSS/leveling data in Mexico, Table 5.4 summarizes the
result of comparisons, including the statistics obtained from the new geoid model

xGGM23.
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Table 5.4: Statistical error computed as difference: dN = N,,pqe1 — Ngnss, for 16629

points in Mexico. Units [m].

Statistic GGM10 GGM-CA-2015 | xGeoid20A xGGM?23
Mean 0.466 0.342 0.373 0.410
Std.Dev. 0.252 0.202 0.167 0.141
Maximum 1.558 1.454 1.217 1.157
Minimum -0.734 -0.432 -0.473 -0.570

It can be confirmed from Table 5.4 that the new geoid model performs better than
previous regional solutions. However, it is necessary to consider those statistics

“pessimistic”, due to the following two facts related to the reference point values:

a) Geodetic heights from GNSS surveys in Mexico are characterized by a typical
error of g, = 0.09 m.
b) No specific figures are given to the typical error in orthometric heights from

leveling or to the amplitude of datum distortions.

Assuming that errors are normally distributed and the combined error of GNSS and
Leveling is 0;,_y = 0.1 m, then the actual error estimates (gsy), presented as standard
deviations in Table 5.4, can be decomposed with the following statistical law of error

propagation:

5.2)
2 _ 2 2 R 2 (
O5N = ONmodel T On—n =  Onmodet = |ON ~ Oh-H

Therefore, the final error estimate of the four geoid models is presented next:

Table 5.5: Error estimate for different geoid models inside Mexico.

GGMIO0

GGM-CA-2015

xGeoid20A

xGGM23

Estimated error [m]

0.231

0.176

0.134

0.099

65




These figures about the error in geoid models can be considered realistic, or even
slightly pessimistic; firstly because the errors in leveling were assumed to be of minimal
influence, and secondly, because the statistics over a large area of the US territory is nearly
half of the one calculated here for the model xGGM?23. Considering that the GNSS control
in the US is more reliable and the input data in Mexico and the US of similar quality, it is

expected that the accuracy of the geoid model should be similar in both countries.

Lastly in this section, it is presented the comparison between the two most precise

models as an additional tool for analysis.
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Figure 5.5. Difference of geoidal height: AN = Ny ;em23 — Nygeoidzoa-

Most notable differences in Figure 5.5 correspond to input gravity data-gaps in one or
both models. Nonetheless, it is important to notice that a middle-size signal of nearly 15
cm of amplitude crosses all over the map, including the oceans. The source of this signal

has not been identified.
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It can be also noticed that the magnitude of differences is uncorrelated to topographic
heights or national boundaries. Interestingly, looking side-by-side the maps of Figure 5.6
and Figure 5.4, the area by the western side of the Mexico-US border shows a clearly
different behavior. While the geoid models show good agreement across the national
border, the comparison of GNSS/leveling data present a clear pattern of systematic
difference of nearly 30 cm inside Mexico. This could be an indication of distortion in the

leveling datum of Mexico.

67



6  Chapter 6: Conclusions and Recommendations

6.1 Conclusions

The Stokes-Helmert technique for geoid computation has been applied successfully
over Mexico and its surrounding area. Details of the technique have been described in
accordance with the current status of theory and computational development. More than
a million terrestrial gravity observations have been collected, analyzed and processed.
Digital elevation models and parameterization needed for the geoid modeling was taken
from the recommendations of the IAG Sub-Commission 2.4c, Regional Geoid for North

and Central America.

Within the processing strategy, the preparation of the grid of Helmert gravity
anomalies referred to the geoid level was achieved through several steps, summarized as
follows: the gridding of gravity observations was performed using a prediction algorithm
on gravity anomalies expressed in the No-Topography space; i.e., on spherical complete
Bouguer anomaly at the surface. Program gravgrid.c was created to perform this
operation, including the estimate of precision for every predicted mean gravity value.
Subsequently, the grid was transformed to the Helmert space by adding the effect on
gravity of condensed topography, using the second Helmert’s condensation scheme to
preserve the center of mass collocated at the origin of the coordinates system (e.g. Ellmann
and Vanicek , 2007). Finally, it was performed a downward continuation based on the

classical approach of the Poisson integral applied iteratively, using the Jacobi method with
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the convergence criteria proposed by Kingdon and Vanicek (2010). Finally, the two
ellipsoidal corrections were computed according to the description of Section 2.4 and

added to the result of downward continuation.

The geoid computation was produced in the Helmert space, using the Stokes’ integral
on a residual gravity field, spectrally separated from the lower frequencies at degree and
order 230 of the spherical harmonics. This integral’s kernel was also modified to minimize
the impact of the global gravity field, according to the modification scheme by Vanicek
and Kleusberg (1986). The integral was evaluated separately for a near-zone spherical
cap of radius ¥y = 6° and the remaining far-zone beyond this radius (known as truncation
error). As a result, the residual geoidal height was combined with a reference spheroid of
maximum degree and order 230, derived from pre-modeled Earth’s gravity potential of
satellite observations. Such number is an optimal value derived from analysis of the
precision of the geoid model over Mexico and a large portion of the US territory. Model
GOCOO06s (Kvas et al., 2021) was Helmertized to conform the reference spheroid and
reference gravity field from degree and order O to 230. Program Helmert_ref.c was created
to perform this operation while selecting the absolute reference value W, according to the
regional standard for North America. Finally, the cogeoid was completed adding the

residual cogeoid from the Stokes integral to the reference spheroid.

Last step of the Stokes-Helmert method was done calculating a refined primary
indirect topographical effect and adding it to the cogeoid in order to de-helmertize it. The
final geoid model was named xGGM?23, which stands for “experimental gravimetric geoid
for Mexico 2023”. Maps and statistical results were provided to describe the geoid model

as well as all its intermediate calculation steps.
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The xGGM23 was assessed with terrestrial GNSS observations on the national
leveling network of Mexico. Its precision was realistically estimated in 10 cm of standard
deviation inside Mexico, which doubles the precision of the model GGM10 in practical
use and outperforms by 34% the precision achieved by the model xGeoid20A in this
territory. Additionally, the reliability of the new geoid model was confirmed by applying
the same computation technique on the US territory, where the precision of GNSS-derived
heights is better, and the agreement between GNSS/leveling data and the geoid is in the

order of 5 cm standard deviation.

Local discrepancies remain in Mexico, higher than 10 cm between GNSS/leveling data
and the geoid, some of which could be part of geoid-error and some part of leveling
network distortions. There were no specific results presented towards the clarification of

the error source between these two vertical references.

6.2 Recommendations

Three specific activities can be pointed out for future work, derived from the experience

in computing the geoid model for Mexico.

(a) Refinements of the geoid calculation can be sought by considering the contribution of
anomalous topographical density to direct and indirect topographical effects (e.g. Huang

et al., 2001; Foroughi et al., 2015b).
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(b) Using rigorous orthometric height for the national leveling networks is expected to
increase the coherence between the gravimetric geoid and the leveling datum (e.g. Santos

et al., 2006; Foroughi et al., 2018).

(c) It is advisable to investigate the source of the local feature presented in the geoid
assessment on the calibration line GSVS11, which introduces an error larger than 10 cm

in the geoid model. This could lead to finding a general improvement to the model.
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Appendix I: On the technique for gravity prediction.

This section contains a detailed description of the method implemented to create a grid
of predicted mean gravity anomaly, derived from an input set of scattered point

observations. The actual result of this method was presented in Chapter 4.

Recently, Dr. P. Vanicek (personal communication, 2022) proposed a strategy to
predict gravity values minimizing the risk of error and treating uncertainty of the input
data in a formal way to determine the uncertainty of the output. Two computation modes

are described: point prediction and cell mean value prediction.
A) Prediction in point mode.

The strategy consists in identifying the existing observations surrounding the point of
interest and performing a weighted average with them. The weighting scheme is function
of inverse distance. Using a search radius s = 0.5°, the total observations found in
distance d < s is named K. Then the weight assigned to each of the k =1,2,...,K

observations corresponds to a power (n) of the inverse distance:

pe(n) = 1/dg , (A.1)

where py, is function of n and distance dj. In order to avoid any unintended scaling in the

prediction, this set of weights is normalized as follows:

pe' (n) = Pk (n)/sz{zl (1) (A.2)
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Then, arranging the K observations in vector form (Ag), and their corresponding weight

as vector P’', the predicted gravity anomaly for an arbitrary position is computed as
Ag =P’ (n)" Ag (A.3)

If the covariance matrix of the K observations is C, then the estimated variance of the

prediction in the point of interest is computed as follows:
a; =[P'M)"C P'(m)]™* (A.4)

When specific information is available about the uncertainty of every observation
included in the vector Ag, then it can be used to fill in the € matrix. As it is often the case,
the gravity values available lack of particular and realistic uncertainty estimates. In such
cases the estimate of uncertainty (o) can be calculated using a constant value for all the
observations involved, in which case the whole € matrix conforms an identity matrix with

a constant factor.

This method should be implemented preferably in the smoothest gravity field that
observed gravity can be transformed to. The smoothness of the gravity field is important
because it leads to reduced amplitude of the prediction error. Although there may be
gravity fields even smoother that the NT-anomaly on the topographic surface

(AgNT (1, ©)), in the work presented here, this is the smoothest obtained.

B) Prediction in grid mode.

A predicted mean value (@ NT) corresponds to the average of point predictions

sampled regularly inside the area of every cell (a) delimited by constant latitude and

77



longitude steps. Every cell of the grid was assigned with a constant number of m point
predictions and then the predicted mean was calculated as simple cell average. A number
of tests with this algorithm showed that using power n = 4 and a sampleof m = 6 X 6 =

36 points result in reliable predictions for cells of area 1’ X 1" and 2.5" x 2.5'.

The uncertainty of @ NT was calculated as the mean covariance among the 36 sample

points inside the cell a, making use of the o2 point values as follows:

2 _ 1 vm vm 099

where d;; is distance between it" and j'™" sample points inside the cell a; i.e. i,j €

{1,2, ...,36}. Figure 1.1 shows an example of the covariance values obtained for 36 sample points
inside a cell of size 2.5" X 2.5'. It is a matrix of dimension 36x36 where the diagonal
contains the point covariance described in equation A.4. for which there exists an observed
point near the lower right corner of the area, assumed with uncertainty of 1 mGal. In this
case, the sample points near the upper-left corner are farther away from other observations
and, therefore, the algorithm assigns a higher uncertainty to those. Extreme covariance

values are 0.08 and 2.86 mGal in this example.
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Figure I.1: Arrangement of the sample point predictions (a), and covariance among the

36 point predictions of gravity anomaly (b).

Results of this method are presented in Chapter 4. By making a direct comparison
between every input gravity anomaly value and its corresponding predicted mean value

delivers the statistics presented in Figure 1.2.

Statistic Prediction error
mean 0.010
sigma 1.879
max 35.342

min -79.839

-12 -9 -6 -3 0 3 6 9 12

Figure 1.2: Histogram and statistical values of the prediction error.

Errors larger than 40 may be considered as outliers, undetected by the data cleaning

process described in Chapter 3. The status of these possible outliers was not investigated.
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