
1

FOREWORD

This Special Issue of the IGeS Bulletin collects paper presented at the G7 session of the XXVI EGS
Assembly (Nice, 25-30 March 2001).
The G7 session was on “Regional and local gravity field approximation”, which is a central subject
in Physical Geodesy. More than twenty papers were presented at that session, both on numerical
and theoretical aspects of gravity field estimation.
Since the topics of the G7 session fit the aims of the IGeS Bulletin and a remarkable amount of
papers were submitted for publication to the Conveners of the session, a special issue was realized
due also to the relevance and quality of the papers.

Ilias N. Tziavos Riccardo Barzaghi
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Efforts in predicting the local gravity field

Urs Marti
Federal Office of Topography, Seftigenstrasse 264, CH-3084 Wabern, Switzerland

ABSTRACT
A problem of the adjustment of the new national height system LHN95 [Marti et al. 1998] is the pre-
diction of gravity values on levelling stations without observed gravity. The aim is to predict the sur-
face gravity and the gravity in tunnels and caves with an accuracy of better than 1 mgal (=10-5 ms-2)
everywhere in Switzerland, which is about the accuracy we need for levelling purposes.
The principal data set for the prediction and interpolation are the gravity measurements of the Swiss
Geophysical Commission (SGPK) which have been gathered and processed during the last few years
(fig. 1). The gravity has been measured in that project with a density of about 1 point per km2. The
second important data set is the airborne gravity set of Switzerland which may be of lower accuracy
but helps a lot to determine gravity gradients (Klingelé et al. 1996).
The first results showed that in geologically difficult regions it was not possible to predict the gravity
with the requested accuracy out of Bouguer anomalies or isostatic anomalies. Models for the density
distribution of the interior of the earth had to be introduced in order to get sufficient results.
The method we use to predict gravity can be summarised as follows: We calculate Bouguer-anomalies
for all gravity stations and subtract the influence of local density models. The residuals then usually
show a rather smooth behaviour and can be interpolated by means of collocation.
The results showed that with this method it is possible to predict gravity in more than 90% of all cases
with an accuracy of better than 1 mgal even in mountainous areas.

1. Terrestrial Gravity Data

Most of the terrestrial gravity data in Switzerland has been measured, collected and re-
evaluated in a project of the Swiss Geophysical Commission. These about 30'000 stations
(fig. 1) are distributed more densely in flatter areas and in areas of special interest, whereas
in mountainous regions, the distribution of the stations is much less dense. The main pur-
pose of this project was the mapping of Bouguer Anomalies at a scale of 1:100'000
[Dumont et al. 1994-2001]. All the stations are referred to the IGSN71 gravity system by
connecting them to the new gravity base network SG95 of Switzerland [Arnet et al. 1997].
Some older measurements [Klingelé et al. 1980] have also been transferred into the
IGSN71 system.
An additional set of gravity measurements (about 4500 stations) along the first and second
order levelling lines is measured since 1953 by the Swiss Geodetic Commission (SGK).
Usually the gravity measurements along these lines are performed in the same year as the
levelling measurements. On newer lines the density of the gravity stations is much higher
than on the older ones. On repeated levelling lines, no significant change of gravity could
be observed until now.
Not every levelling benchmark or levelling line has observed gravity values. On such points
gravity has to be interpolated by means of the measurements of nearby stations.



Fig. 1: Terrestrial gravity data of Switzerland at January 2001

2  Airborne Gravimetric Data

In November and December 1992 the whole country has been covered by airborne gra-
vimetric observations [Klingelé et al. 1996] during a project of the Geodesy and Geody-
namics Lab (GGL) of the Federal Institute of Technology (ETH) of Zurich. The main char-
acteristics of this survey were the following:
- Flight altitude 5200 m
- Aircraft speed 240 km/h
- Gravimeter sampling rate1 sec

This resulted in a total of more than 60'000 data points. The differences between upward
continued ground data and the airborne Bouguer anomaly give a mean offset of 0.6 mgal
and a standard deviation of 11.9 mgal.
This data set may be of lesser quality than the ground data and is not yet included in the
prediction of interpolated gravity values but it would be very useful in regions where ter-
restrial measurements are missing (mountains, glaciers, lakes) and mainly for the purpose
of estimating gravity gradients and therefore also for the step of downward continuation of
the gravity field (including the determination of the geoid and predicting deflections of the
vertical).
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Fig. 2: Aerogravimetric Flight lines 1992

3. The mass models

The mass models used for the gravity prediction are the same as the ones used for the geoid
determination in Switzerland [Marti, 1997] and for the calculation of orthometric heights.
This means, that a 25 meter DEM and a 5 km model of the Moho depth are the principal
models. In addition, models of local density anomalies (such as water masses of lakes, ice
masses of glaciers, geological structures and sediments of the largest rivers) are introduced.
Most of these models are formed by a grid of vertical rectangular prisms, whereas others
consist of irregularly distributed rectangle and triangle prisms. Some other models are con-
structed by means of irregular polyhedrons (finite elements).

4. The Method of Interpolation

The principle of predicting absolute gravity values is to subtract all known influences of
masses from the observed gravity. The remaining residuals should be smooth enough to
interpolate. Furthermore we suppose that the remaining residuals do not cause significant
vertical gradients (at least at the altitudes we are interested in). Therefore the residuals are
interpolated by an empirical 2-dimensional least squares collocation approach based on the
Gaussian function of normal distribution.
In a first step, Bouguer anomalies are calculated mainly out of a 25-m Digital Terrain
Model with standard density of 2.67 kgm-3. These Bouguer anomalies mainly show the in-
fluence of the depth of the crust-mantle boundary (Moho) and of the Ivrea body in the
South of the country. Since the Bouguer anomalies show some correlation with the topog-
raphy, an important vertical gradient is still contained in the data. Bouguer anomalies are
therefore not very suitable to be used for gravity interpolation on different altitudes.
In a second step, further effects are eliminated. These are mainly the influences of the
Moho depth (instead of an isostatic model) and the Ivrea body. But also smaller effects



such as the water masses of lakes, the ice masses of glaciers and local density anomalies are
taken into account. The resulting residuals show a rather smooth behaviour and are not cor-
related with topography. The effects of local density anomalies which have not been mod-
elled remain clearly visible - mainly the unmodelled sediments of some rivers cause local
residual anomalies of a few mgal. The residuals show a rather strong trend from Northwest
to Southeast which until now can not be explained by geological or geophysical reasons.
Even by varying the density contrast at the Moho this trend can not be eliminated.
Since these residuals are not correlated with topography we assume that most of the effects
causing vertical gradients are eliminated and we use them for the 2D-interpolation by
means of collocation. The absolute gravity value on any station is obtained by adding the
effects of all models to the interpolated residual gravity.

5. Testing The Interpolation

A first test was to predict the surface gravity at the gravity stations out of the measurements
of their neighbours. This allowed us to eliminate gross errors in the original data set and
gave us an idea of the obtainable accuracy. The results are shown in fig. 3 as a histogram,
where we see that for about 60% of all points the interpolation gives a result that agrees
better than 0.5 mgal with the measured values. For more than 90% of all interpolated values
the agreement is better than 1.5 mgal. Except from regions with less dense data coverage,
the residuals are smaller than 1-2  mgal in most parts of the country. Near the rivers with
unmodelled sediment basins, larger systematic differences in the order of 2-3 mgal may
appear.
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Fig. 3: Histogram of the differences between measured and
interpolated surface gravity values in mgal (cross vali-
dation of the data set of the SGPK, ~31'000 points).

In a second test the measured gravity values at the levelling benchmarks have been com-
pared with the interpolated values out of the SGPK data set (see fig. 4). The result seems to
be slightly less good than in the first test. But again, most of the differences are smaller
than 1 mgal. Larger differences appear again near the rivers with sediment basins. The big-
gest differences of up to 7 mgal are reached on some benchmarks in tunnels. This is not a
very bad result but implies all the same, that the residuals used for interpolation still contain
components causing vertical gravity gradients. After this test the data set of the levelling
benchmarks was combined with the data set of the SGPK. This allows us - also in tunnels -
to get results on the 1 mgal level.
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Fig. 4: Histogram of the differences between measured and
interpolated surface gravity values at the levelling bench-

marks in mgal (interpolation of ~4500 independent stations).

6. Conclusions

The actual amount and distribution of the gravity measurements is now sufficient to inter-
polate absolute gravity values in most parts of Switzerland with an accuracy of about 1
mgal or better.
Problematic areas can be found in regions with unmodelled local density anomalies (mainly
sediment basins of rivers) and at the edges of our models. The reason for this can be found
in the fact that density contrasts cause rather large horizontal gravity gradients, which can
not be easily represented by measurements in the vicinity. This implies that the density
models have to be constructed rather carefully and that it is very important that its geomet-
ric position and resolution has to be of high accuracy for the purpose of gravity interpola-
tion. An example for this fact can be seen in fig. 5 where we represent the gravity effect of
an artificial body with a typical density contrast of -0.67 kgm-3 (standard density to density
of quaternary sediments) along a profile. The variation of the horizontal position of the
disturbing mass of about 100 meters can change the effect on gravity for several mgal. This
results in very difficult interpolation conditions near the boundaries of these masses.
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Fig 5: Effect of an artificial disturbing mass on gravity
(density contrast σ = -0.67 kgm-3)

Until now our density model was mainly used for the determination of the disturbing po-
tential (geoid) and the prediction of deflections of the vertical. For this purpose this model
fulfilled our demands, but it is not sufficient for the task of interpolating surface gravity



values with an accuracy of 1 mgal. The improvement and refinement of the 3-dimensional
density model is therefore the point where further efforts and investigation would be very
helpful.
In large tunnels gravity can be predicted out of surface observations with an accuracy of
only about 3 to 5 mgal. This indicates that the model of the density distribution in the upper
crust has to be refined and that our assumptions and calculations of vertical gradients are
not sufficient. We hope to increase the accuracy of the estimation of this gradient by in-
cluding the airborne data in our model and changing from a 2-dimensional to a 3-
dimensional interpolation. How much the integration of a global gravity model such as
EGM96 can help the estimation of vertical gradients has still to be investigated.
For the moment we solve the problem of interpolating gravity values in tunnels by dense
gravity observations in the tunnels themselves and by using only these measurements for
the interpolation on the remaining benchmarks. This allows us a reasonable interpolation as
well.
As a summary can be said that in 90% of all cases and under normal circumstances, the
gravity interpolation on any point in Switzerland is possible with an accuracy in the order
of 1 mgal.
On levelling lines in flatter areas with good density models it can even be said that no more
gravity measurements are necessary. The interpolated values obtained of the existing data
set fulfil all the needs of levelling.
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Combining Levelling with GPS Measurements
and Geoid Information

Urs Marti, Andreas Schlatter and Elmar Brockmann
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ABSTRACT
The demand of using GPS for height determination and to replace expensive levelling measurements in
regions where not the maximum accuracy is needed, requests a height system in which levelling and
GPS in combination with geoid information lead to compatible results. The new kinematic height sys-
tem LHN95 of Switzerland should fulfil this task.
The geoid of Switzerland CHGEO98 with an accuracy of 3 to 5 cm over the whole country is available
since 1998 and all the levelling measurements since 1902 are now available in digital form and have
been evaluated in a kinematic adjustment process. More than 120 levelling bench marks are also con-
nected to the national GPS network, which has been re-measured in 1998. This gives us in a first step
an excellent data set for comparing and analysing the different results. In a second step we will try to
include the orthometric heights obtained out of GPS and the geoid into the adjustment of the levelling
network. This should strengthen the solution over long distances.
In addition to these more general investigations two special GPS campaigns have been performed in
mountainous regions where we wanted to test the possibilities to replace levelling by GPS measure-
ments. The evaluation revealed promising results but also that much attention has to be paid on the
GPS evaluation method. Especially the modelling of the influence of the troposphere plays a major
role. Just with standard models it is not possible to get satisfactory results. More sophisticated model-
ling methods have to be applied.

1. INTRODUCTION

One of the main problems of surveyors today is the accurate height determination. Level-
ling over longer distances is usually too expensive and too time consuming and therefore
the users prefer the much cheaper GPS method. Of course, they have to apply the correction
of an accurate geoid or quasigeoid model to get orthometric or normal heights which are
usually used as national height systems. But this arises the problem that in general, these
heights are not in accordance with the heights obtained out of levelling. The simple reason
for this discrepancy is the simple fact that all the implied data sets (GPS, levelling, geoid)
show smaller or larger random and systematic errors.
The goal for a national height system therefore has to be a common treatment of the 3 data
sets and to reach consistency between them. The simple condition, that the ellipsoidal
height has to be equal to the sum of orthometric height and the geoid undulation has to be
fulfilled. Only under these circumstances it is possible to replace levelling by cheaper GPS
measurements at least in regions where not the highest accuracy is needed. A first step in
this direction has to be
- a good connection between the GPS and the levelling networks through many

GPS/levelling stations
- an accurate geoid model
- and a detailed analysis of the involved data sets and the differences between them



2. The available data sets

2.1  The national GPS network
The Swiss national GPS network LV95 was originally established between 1989 and 1994.
Since then it is systematically densified and consists today of about 240 principal and den-
sification points. 22 of these points form the permanent GPS network AGNES (Automated
GPS Network of Switzerland). The whole network was re-measured in 1998 and the results
assured us that the accuracy of the network is clearly better than 1 cm in position and about
1 to 3 cm in height [Gubler et al, 1999]. The network and its connection to the national
levelling network is displayed in fig. 1.
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Fig. 1: The national GPS network LV95 (including the permanent network AGNES) and its
connection to the levelling network LHN95. GPS/levelling stations are marked with circles.

2.2  The national Levelling network
The national first and second order levelling network (LHN95) has a length of about 4000
km and contains about 11'000 bench marks [Marti et al. 2001]. All measurements in this
network since 1902 are available in digital form and most of the lines are at least observed
in 2 epochs. This allows us to treat LHN95 as a kinematic network and to estimate vertical
movements. LHN95 is an orthometric height system but in order to assure the data ex-
change with neighbouring countries, normal heights are available as well. The orthometric
heights are obtained out of the geopotential numbers by division through the mean gravity
along the plumbline, which itself is estimated out of surface gravity and a density model of
the upper Earth's crust. The accuracy of LHN95 is about 0.7 mm/km or about 1 cm/100 km.



2.3  The geoid of Switzerland
The 3rd data set involved is the geoid model of Switzerland CHGEO98 [Marti, 1997]. It is
available also in form of a quasigeoid. For its determination, about 600 astronomically ob-
served deflections of the vertical and 70 connections between GPS stations and levelling
bench marks were used. Gravity measurements were only used in the step of downward
continuation.
Furthermore the same mass models as in the calculation of orthometric heights were used in
the remove/restore step. These are mainly a 25-meter DEM and density models for crustal
structures. After reducing the measurements from the effects of topographic masses, the
residuals were interpolated by means of least squares collocation. The final geoid was cal-
culated by re-adding the effects of the mass models. The result revealed an accuracy of 2 to
3 cm in the flatter areas and of about 5 cm in the Alps. This could be verified by a compari-
son with independent GPS/levelling stations and by a comparison with the European gra-
vimetric geoid EGG97 [Denker and Torge, 1997]. These two totally independent solutions
showed (at least in flatter areas) an accordance of better than 5 cm.

3. Comparison of the data sets

For about 120 stations all the 3 quantities ellipsoidal height, orthometric height and geoid
undulation are available and we can form differences of the orthometric height out of level-
ling minus orthometric heights out of GPS and the geoid without applying offset or tilt pa-
rameters. These differences are displayed in fig. 2. Another comparison on the level of
normal heights and height anomalies gave slightly better results since the density distribu-
tion in the Earth's crust is of no importance. But, in our case, these differences between the
two comparisons are really small (up to 1 cm) and so it is not worth to discuss both of them.
In most parts of the country the differences are smaller than 3 cm, which indicates that lev-
elling, the geoid and GPS yield rather consistent results. In flatter areas the agreement is
even better than 2 cm. But all the same, there are regions with systematic differences of
more than 5 cm. This is mainly the case in the Southeast of Switzerland, but also in the
North a systematic trend of the residuals of up to 4 cm exist. The most reasonable explana-
tion up to now is that these differences are caused mainly by local problems of the geoid. It
seems less likely that the problem is caused by systematic errors of the levelling because of
the small residuals of the adjustment of the levelling network. A systematic trend of the
GPS can most probably be excluded as well. The entire GPS network LV95 was re-
measured in 1998 [Gubler et al., 1999] and great attention was paid to troposphere model-
ling and therefore also to height determination. Only small systematic differences of up to 5
cm to the original result of 1995 could be detected which may explain some of the differ-
ences in the North but they do not explain the differences in the South and Southeast.
A common adjustment of all the 3 data sets has not been performed yet. The principal
problems that have to be resolved first are the detection and elimination of systematic er-
rors, a reasonable weighting between the different types of observations but also to get the
full variance-covariance information of the geoid. A first approach for this common ad-
justment can be found in [Kotsakis et al. 1999].
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Fig. 2: Differences between orthometric heights out of levelling and orthometric heights out
of GPS and geoid information.

4  The Possibilities of Substituting Levelling by GPS

One of the main goals of a common treatment of levelling, GPS and the geoid is to substi-
tute expensive levelling through cheaper GPS measurements at least in regions where not
the highest accuracy is necessary. In order to prove the capability of GPS for height deter-
mination, two test campaigns were carried out in 1998 on 4 consecutive days: the first one
in the Emmental, a pre-Alpine hilly region with height differences of up to 500 metres and
the second one at the Sustenpass, in a high Alpine area with height differences of up to
1700 metres. Static GPS measurements were carried out since it was obvious from the be-
ginning that kinematic methods would not give the requested accuracy. But since GPS
should remain a cheaper method than levelling, no enormous effort was put into the obser-
vations. A total of about 65 levelled stations were observed in day and night sessions of 3 to
12 hours. Mainly the impact of troposphere modelling, cut-off angle, session length, topog-
raphy and GPS evaluation software was tested.
Alpine-scale height differences observed by GPS are biased mainly by a mismodelling of
the troposphere. In collaboration with the Institute of Geodesy and Photogrammetry ETH
Zurich (A. Geiger), zenith path delays were computed from meteorological data (ANETZ
data) of the Swiss Meteorological Institute (SMI) using the 4-dimensional modelling soft-
ware called COMEDIE [Hirter, 1998].
Comparisons between GPS and levelling were performed by transforming the GPS ellip-
soidal heights into orthometric heights using the geoid model CHGEO98.
The campaigns were designed to answer the following questions:



- The impact of different processing strategies and different troposphere models (different
a-priori models, estimation of tropospheric zenith path delays from GPS observations,
introduction of zenith path delays from COMEDIE) on the GPS height estimation.

- Impact of data analysis of different GPS processing packages. Commercial packages and
the scientific package Bernese 4.1. [Beutler et al. 1996] were used.

- Impact of the session length on the height estimates.
- Accuracy of the GPS heights compared with levelling / geoid information.

4.1 The test campaign Emmental
The Emmental measurements were carried out in June 1998 to investigate the possibility of
replacing second and third order levelling in hilly regions by GPS and a geoid model. The
test network consists of a total profile length of 44 km with a total height difference of
about 300 m following a recently re-measured levelling line of the national levelling net-
work LHN95.
The evaluation of this GPS network has been performed with several software packages
and by varying as many parameters as possible. Some characteristics of the results can be
summarised as follows:
- for baselines longer than 10 km, a L3 solution has to be used; a L1/L2 solution gives no

accurate heights.
- to obtain good heights, a weighting of the GPS observations with zenith angle or a

higher cut-off angle has to be used
- Troposphere parameter estimation out of GPS is not reliable for sessions shorter than 3

hours
- commercial software packages give comparable results with a standard evaluation with

the Bernese software
- The best height repeatability is obtained by using the COMEDIE troposphere model
- using a standard Saastamoinen troposphere model gives a rather good height repeatabil-

ity but the result shows a height bias compared to the COMEDIE solution
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After the GPS evaluation the obtained ellipsoidal heights were corrected with the geoid and
then compared to the orthometric heights from levelling. The principle results can be seen
in fig. 3: If we use a standard meteo model the heights obtained out of GPS and geoid can
be biased of up to 10mm/100 m height difference. When we use a more sophisticated meteo
model such as COMEDIE, the results are in very good agreement with levelling. The bias
disappears completely. This also proves that the GPS repeatability is not a reliable indicator
for detecting height biases.

4.2  The test campaign Sustenpass
The test network Sustenpass consists of a profile of 48 km in length with a total height dif-
ference of about 1700 m following the pass road. The 30 GPS stations are connected to a
recently re-measured national 2nd order levelling line. The observations have been per-
formed on 3 days in July 1998 in 9 sessions with a length between 3 and 12 hours. An im-
portant role in the analysis of the result plays the height profile shown in fig. 4 at left,
where we have to distinguish between the West (Wyler) and the East (Wassen) side.
The results of the GPS evaluation and the repeatability were not very different from the
Emmental campaign and do not need to be discussed here. Because of the big height differ-
ences the repeatability was in general worse but it were the same strategies that lead to the
best results. The conclusions from the analysis of the GPS heights corrected for the geoid
and their comparison with the orthometric heights from levelling are as follows:
- The modelling of the troposphere was much more difficult due to the difficult topogra-

phy and the distribution of the meteo sites. The results from the two flanks are not ho-
mogeneous.

- When standard troposphere models (Saastamoinen) were used, the height estimates are
biased by up to 3 mm per 100 m.

- When using the 4D meteo model (COMEDIE), the agreement between GPS heights and
levelled heights is better on the west side (diff. < 4 cm) and worse on the east side (diff.
< 9 cm) of the pass (see fig. 4). The bias in the height scale can not be eliminated com-
pletely even with long observation sessions.

- Of course, the Sustenpass is not only a difficult region for GPS campaigns, but also for
levelling and the geoid determination. Therefore it is not sure that the detected biases are
a consequence of the GPS results only. The levelling and the geoid as well, are not be
supposed to be free of systematic errors.
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4.3  Consequences of the test campaigns
When special attention is paid to the tropospheric corrections, the use of GPS for the densi-
fication of height networks in flat and pre-Alpine areas with height differences smaller than
500 m is promising. In order to avoid severe biases in the height scale, standard troposphere
models should not be used. Excellent results were obtained when a new 4D meteo model
(COMEDIE) using regional meteo data was applied.
In Alpine networks with large height differences, height determination by GPS is still a
difficult task. Even the most sophisticated tropospheric models are not yet capable of elimi-
nating systematic influences from tropospheric refraction.
The results of these test campaigns revealed that the substitution of levelling is possible
under the following conditions:
- no extreme topography
- relative accuracy demands are not very high (about 1 cm over 30 km).
- special attention is paid to troposphere modelling. A standard model is not suitable.
- even with the most sophisticated troposphere models only suitable for scientific GPS

software, it is still a very difficult task to get a good accuracy in high mountainous areas.
- several hours of GPS measurements are necessary to obtain sufficient results.
- appropriate parameter choice in the GPS evaluation.

5  Summary, Conclusions

The national levelling network LHN95 is ready to be used and rigorous orthometric heights
are available on all 1st and 2nd order levelling lines. About 120 levelling benchmarks are
also connected to the GPS network LV95 and can be used to detect discrepancies between
levelling, GPS and the geoid model CHGEO98.
The 3 data sets GPS, levelling and the geoid are in agreement of 2 cm in flatter areas and up
to 8 cm in some regions in the Alps. Usually this is sufficient for the daily work of the sur-
veyors. These differences are not randomly distributed over the country but some regional
trends seem to exist. They are supposed to be caused mainly by long wavelength errors of
the geoid, systematic errors in levelling or GPS are less probable or at least smaller. This
implies that it is perhaps worth to consider a new geoid determination including some op-
tions that were not included in the geoid model CHGEO98 such as the full integration of
gravity measurements, the use of a global model or the integration of the newest
GPS/levelling measurements.
Until now, GPS, levelling and the geoid are only compared among each other. A combined
adjustment of all 3 data sets has not been performed yet. The main reasons that prevent us
from these step are that systematic errors have to be eliminated first, that a reasonable
weighting has to be found and that the full variance-covariance information for the geoid is
not available.
The two test campaigns in the Emmental at the Sustenpass showed that levelling can be
replaced by GPS under some circumstances when accuracy demands are not too high and a
accurate geoid or quasigeoid model is available. In regions with extreme height differences
it is extremely difficult to bring GPS and levelling into agreement. The main reason for this
is the influence of tropospheric refraction on GPS but also on levelling. Therefore much
attention has to be paid to troposphere modelling in the GPS evaluation. But even if the
GPS results show a good repeatability in height, we can not be sure to get a good agreement
with levelling. Depending on the chosen parameters in the GPS evaluation we can get bi-
ases in the order of 1 cm per 100 meter height difference. Parameters like the cut-off angle



and the weighting of the observations with their zenith angle are of major importance in the
height determination with GPS. Session lengths shorter than 3 hours usually are unsuitable
for an accurate height estimation.
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Abstract 
 
In a number of previous investigations in Greece, raw geoid undulations derived from GPS and 
trigonometric height control were compared to model undulations computed by EGM96 and 
OSU91A models at various truncations. From a number of 144 control points it was shown that 
there exist discrepancies between "observed" and computed undulations with coefficients Cnm, 
Snm. These discrepancies were studied in the lateral sense of the geoid variation, where it was 
found that they associate well with the tectonic background of the region. Several points show 
discrepancy within low degrees of expansion beyond n=20 and the discrepancy for all points is 
lateral variable. In this work we present an attempt to investigate these discrepancies at six 
selected control points along the depth by assuming that the depth of a "causal" source upon 
undulation maybe traced in terms of each spherical harmonic expansion. For this purpose observed 
undulation degree variance variances Cnm, Snm at each point are computed between two frequency 
bands n= 20 –120 and n = 120 – 360 and these are compared with computed undulations variances 
once from the model coefficients. In addition, power amplitude spectra of observed undulations by 
Fast Fourier Transform (FFT) and Maximum Entropy Method (MEM) spectral methods are 
computed by formed numerical series per points (observation signal). Its element of point series is 
produced by subtracting from the observed N, a computed variable "component" through the 
models' coefficients at decreasing truncation, with a lag interval n=2. On the basis of found 
differences between observed and model variances and from the performance of spectral methods 
upon the data we discuss how the content of these physical information about "sources" at depth 
within observed undulations may become more detectable and useful. 

 
1. Introduction. 
 
Spectral analysis is a group of methods based on statistical moments. These methods are used for various 
goals related to experimental data [e.g Bath, 1974]. The power spectrum as a useful statistical “tool” was 
introduced in the late 50 s [Blackmann &Tukey, 1958] in relation to communication signal transfer. Since 
then it has extensively been used also in Earth disciplines. 
There, the spectral methods are used for two different goals: 1) To evaluate statistical measures of data in 
frequency domain and 2) to profit of the advantages of the FFT algorithm in computing convolution 
integrals. The second type of use was promoted after the invention of this algorithm [Singleton, R. C., 
1967] that provided a fast method to evaluate the convolution integrals met in Physical geodesy [e.g. 
Stokes and Vening-Meinesz formula terrain correction, etc]. Today the FFT method is widely used in 
association with the computation of geoid [e.g Arabellos,D., Tziavos, I., 1994] 
 
Hoffman-Wellenhof and Moritz [1986] discussed explicitly that convolution of two functions is equal to 
their homogeneity. Homogeneity is also assumed for the geoid undulation in this application in the context 
that the standard modeling of geoid via geopotential models is used as the reference to compare the 
experimental results. In the application the observed geoid undulations are received as raw differences 
between geodetic and leveled height: N=h-H at certain test points. The spectral methods are used as a 
means to evaluate how much of information about the mass-density distribution within the local lithosphere 
is contained in 6 observed undulations at certain locations. If such information is carried in the observed 
undulations then it may be depicted in terms of harmonic degrees of spherical expansion. The evaluation is 
done by using the spectral methods in two ways: a) by comparing experimental spectra and experimental 
degree variances after the data among the test points [this is a relative comparison that questions the 



homogeneity] and b) by comparing the experimental degree variances at each test point with degree 
variances produced through the coefficients of models OSU91A and EGM96. [This comparison is between 
the data after each test point in respect to each of the two models. The data by which the experimental 
spectra and experimental degree variances are computed come from numerical series of which each 
consecutive term is the observed N from which we eliminate in turn a frequency dependent term which 
corresponds to a truncated undulations computed by each of the two models coefficients at increasing 
truncation with lag n=2: 
 
Ni=Nobs-Nshe                     [1] 
 
Where Ni is the term of the data series, Nobs=h-N and n is the truncation degree of the model increasing at 
lag n=2. 
 
It should be noted that the use of spectra and of degree variances is in context to characterize individual 
point undulations and not in the usual use to evaluate or model the lateral variation of geoid. In this study 
the experimental degree variances are considered for single points and they represent how the observed 
undulation varies in spectral sense, when the frequency dependent term by the truncated model expansion 
is gradually eliminated (see eq. 1). 
 
 
The power spectrum of a data series is defined equally by any of two methods: as the Fourier transform of 
the covariance function of the data or as the Fourier transform of the function represented by the data. 
In this context the spectral techniques are used here with the data series created after eq. 1. 
Spectral analysis related to the global scale representation of quantities like the geoid undulation provides 
model expressions of their variation through the degree variances. The contributions of Rapp [1971] and 
Tscherning &Rapp [1974] in this field were followed by the division of the information existing in the 
geoid according to the wavelength.This has been associated to the terms of degrees of spherical harmonic 
expantion [ Rapp 1977]. This division of the spectrum of the geoid in frequency bands was refined later by 
Schwarz [1985]. The degree variances of any gravity field quantity are coefficients that express by a model 
or a “rule” information of how a gravity field quantity is varying along the degrees of spherical harmonic 
expansion. 
 
Degree variances may be computed through the coefficients Cnm,Snm of any spherical expansion model. 
Alternatively they are modelled as functions varying per degree n of expansion under certain mathematical 
restrictions [Tscherning-Rapp, Meissl] from data through well known models. Alternatively they are 
evaluated directly from the coefficients Cnm Snm of any geopotential model. In both methods of 
evaluation the degree variances per degree n of expansion represent a power amplitude spectrum of the 
quantity that they represent (e.g. gravity anomaly, geoid). In relation to the modelling of geoid they are 
related to lateral variations of undulation within a region or in global scale. This relation receives a 
statistical, analytic or a physical interpretation. Concerning to the physical interpretation the lateral 
variations of geoid are connected to lateral variations of Newton effects within the lithosphere [e.g. 
Sandwell et all.1994]. 
 
 
This study presents the results received from a numerical experiment in Greece that is based on the use of 
undulation degree variances as an index of the information content carried within observed undulations. We 
compare the differences from experimental undulation amplitude spectra in the “vertical” sense received by 
FFT and Maximum Entropy Method [MEM] [ e.g Narayan, R. & Nityananda, R.(1984) ] among 6 points as 
well as experimental undulation degree variances with degree variances computed by the coefficients of 
spherical harmonic expansion models, OSU91A and EGM96. The experimental spectra by FFT and MEM 
methods, the 3 dominant eigen-values of the corresponding correlation matrix of data. 
The content of information of such undulations on lateral lithosphere variation has been shown recently 
[Pagounis, V. 2000] 
For the needs of these comparisons we created from observed undulation N at single points experimental 
data series referenced to the two models OSU91A, EGM96 as follows: From the observed undulation N a 
computed “component” after the coefficients Cnm, Snm of a certain model is subtracted .The subtracted part 



is variable for each term of the series (variable frequency band) with lag of variation n=2. Thus at each 
tested point undulation a frequency dependent experimental series of geoid signal is produced, composed 
by 171 terms .For each data series the experimental amplitude spectra and the corresponding experimental 
undulation variances are computed. 
The results of these comparisons carry two types of information: 1) How an unknown depth “source” 
beneath the test region affects at different locations the variation of the observed undulation in respect to 
each model [e.g. OSU91A and EGM96] 2) when more causal “sources” at depth exist how these affect 
each of the observed undulations]. This information is monitored through the experimental spectra and the 
degree variances among the 6 test points. 
The main emphasis is given to compare the degree variances between experimental and computed after the 
coefficients of the two models. The paper is composed in 3 parts .In the first part we give the background 
on the formulation of the experimental data series at a single point. The second part deals with the 
description of the carried numerical experimental and presents the received results while the third part 
contains comments and conclusions that may be drawn from these comparisons. 
 
2. BACKGROUND OF METHOD AND HOW THE EXPERIMENTAL DATA SERIES ARE 
PRODUCED. 
 
In this approach observed geoid undulation is: 
 
N=h-H                    (2) 
 
Where H is trigonometric or leveled height and h is the height after a satellite positioning system. This raw 
type of undulation is considered in the study as the output signal of any unknown mass-density that might 
exist mostly within the local lithosphere beneath the test region. 
 
In a number of previous investigations that used in total 144 such observed undulations [Pagounis,V., 
2000] within Greece in various combinations [Doufexopoulou, M. & Pagounis, V., 1997,1998] it was 
shown that by a tested methodology the main lateral local lithosphere structure may be depicted [Pagounis, 
V., 2000] 
 
The present investigation contributes to the mass-density information that may be depicted from such point 
undulations as an effect in respect to ranges of certain harmonic degrees. 
The main idea behind this approach is to separate from each observed undulation signal a model part as 
expressed by a spherical harmonic expansion at certain degree n or between a range of degrees. This 
separation has the purpose to enhance the local observed signal by a sort of numerical high pass or band 
pass filter. The task is achieved by introducing a number of experimental statistical indices [Pagounis, V. 
2000] of spectral concept and has been based on lateral variation of observed undulations [Pagounis, V. 
2000].  
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   Figure 1 Distribution of control points. 
 



These indices specify which is the rate of expansion degrees of a model that provide enhanced local 
lithosphere signal within observed undulations without to add “noise” at the signals. Beyond this rate the 
elimination of high frequencies [in context of structural trend ] through the expansion of the model at 
higher degree than the found one introduces “noise” within the signals, if these are to be used for the initial 
prospecting of the lithosphere. One of proposed indices the variability index [Doufexopoulou, M. & 
Pagounis, V., 1998] was used to select the 6 sample points in the present investigation. These 6 
trigonometric points belong to two groups, of which 3 are located at the South of Peloponissos (continental 
region) and the other 3 are points in islands within the Central part of Aegean [Cyclades].(Fig.1). 
 
For each point undulation two experimental data series are produced, each referenced to one of models 
OSU91A and EGM96. These models showed in the earlier studies strong similarities in how they adapt to 
the local lateral variation of observed geoid undulations [Doufexopoulou, M.&Pagounis, V.1998]. Thus a 
similar performance of these models on the depth variation of undulations is reasonable to be expected. 
Each experimental series is composed from 171 data, in which each term is: 
 
Nn = Nobs – (Nn –N360)                  (3) 
 
The term Nn at the left side represents the numbering of the terms and increases in lag of spherical 
expansion n=2 (in total 171 values) because the term Nn within the brackets is variable and increasing at 
this lag. Nn starts from n=20 and increases the n=360. Nobs are the raw observed undulations after eq. [2]. 
Note that the index n is not the same between the left and the right side of eq. [3]. The term in brackets (Nn-
N360) is then the variable contribution from the model component that eliminates from the local undulation 
signal a sort of frequency contribution coming from the model. This processing operates as frequency 
dependent numerical filtering applied at the observed undulation data and provides for each test point a 
data series per model. The starting term of each produced experimental series contains all frequencies from 
n= 2-20 and those beyond 360. By increasing the order of the terms of the series each new term includes 
slightly higher frequencies within a lag n=2 at the time, which exist in observed undulation. By this process 
171 terms are prepared from each point signal, which are experimental data. Fig. 2 and Fig.3 show the 
graphs of data for 2 points (one per each group) for the two used models. 
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 Figure 2 Data series for point KRTH referenced to OSU91A. 
 
3. Description of the experiments and results. 
 
 In previous evaluations with the 144 observed undulations as output signals and by applying various tests 
with undulation computed with coefficients Cnm, Snm of models OSU91A, EGM96 it was found that local 
lithosphere information may be safely modelled through the harmonic expansions OSU91A and EGM96 up 
to the degree n=120. Beyond this degree the addition of more terms in the model undulation N, introduce 
“noise” to the local “signal” when the differences the type: 
 
δNn=Nobs-Nn                              (4) 
 
These signal differences are investigated in detail by Pagounis,V. in amplitude “noise” introduced by the 
models coefficients. 
 



In the present study it was decided to compute for each model two spectral bands per test point A band 
between degrees n=20-120 where the effect of local lithosphere is expected detectable in the data and a 
band from n=121 to n =360 within which it is believed that the lithosphere effect is masked by variable 
 
However after the first plots of the prepared series using eq. [2] and from the investigation of the values of 
the standard deviation of the 2nd and 3rd order eigen-values of the correlation matrices of the experimental 
series it became apparent that the separation into two bands would be meaningless. It could be seen from 
the raw data plots that a “flat” part of the signals [related to the start of “noise” of the data series] starts 
after degree n=100-120. 
 
For each series of test point and each model the FFT and MEM spectra were calculated as well the 3 most 
significant eigen values of the corresponding correlation data matrix. Finally the standard deviation of the 
predicted values of the next values in each series was calculated together with the predicted values using 
academic software, “Chaos data Analyser” which operates in MS-DOS. 
 
The power amplitude spectra by any spectral method show how the power existing in the series of 
undulation varies per degree of expansion along the low-to higher frequencies (expressed in respect to the 
degree n). This indication is valid under the supposition that most of the cause of this variation originates 
from mass-density “sources” beneath the test region. Thus a variation among spectra of points in the 
distribution of amplitude power of N and at the eigen-values of the correlation matrix express variations 
due to the effect of the same causal “source” upon the different locations of the points and/or how the 
different causal “sources” in the region affect each test point. The separation of the two effects is a very 
difficult task. 
 
The squared values of the terms: 
 
σn(N)=δδΝ=(δNn+2-δNn)2                   [5] 
 
Of each term of experimental series are a type of experimental undulation variance at the point that 
increases with lag  =2 [Doufexopoulou,M. &Pagounis, V., 1998]. 
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  Figure 3 Data series for point MLVN referenced to OSU91A. 
 
These observed variances are comparable to the corresponding degree variances from the coefficients of 
each of the two models [or any other model] at depth: 
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Model degree variances are computed with [Eq.6] with a small program written for the needs of this work. 
 
4. Conclusions and comments. 
 
The results confirm what was expected from the investigation of the lateral variation [Doufexopoulou,M. & 
Pagounis, V. 1998, Pagounis,V. 2000].The model of reference is an irrelevant choice for the present 
experiment. Only for one point (KRTH) a different data series was produced between the two reference 



models [EGM96A, OSU91A]. Data series at all points referenced to EGM96 provide higher values from 
these after OSU91A.This is observed along the initial ¼ of the total number of the terms of series at all 
points. This rate corresponds until about degree n=70 and an interpretation is that for the test area the 
EGM96 coefficients spread the spectral power along the degrees of expansion more “smoothly”. Due to the 
irrelevance of the reference model only minor differences between FFT spectra of the data referenced to 
each model for the same point are detected. It seems though that some spectra referenced to OSU91A carry 
more amplitude power than those referenced to EGM96. The FFT spectra for all points become “flat” 
beyond the range n=60-70. This leads to conclude that the local observed undulations contain local 
information than cannot be depicted by the model undulations at the range of degrees n=20-70. Amplitude 
spectra produced with the MEM show a very sharp peak at very low degrees and then become quite flat 
near to zero power for all points. This could be expected due to the poor resolution of the analysed data 
(raw initial values) and is possibly a reason that this spectral method “failed”. 
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   Figure 4 The computed degree variances for point SRFS (EGM96). 
 
The correlation matrices at depth for the data created after the 6 undulations have strong similarities in the 
main shape for both models, indicating again that the observed undulations carry local mass-density 
information. The plots of the 3 dominating eigen-values of the correlation matrix have only eigen value of 
significant size for the first one. The second and third eigen-value drop near to zero. Among the 6 points 
the first eigen-value is higher for the group of the 3 “continental” points [MILS, KRTH, PRNO ] than for 
the points within Aegean. This indicates that beneath the 3 “continental” points the causal “sources” at 
depth affect more those undulations. The effect may be due either to a bigger depth of the “source” or due 
to the location of these points nearby a “source”. This result is valid for both models of reference OSU91A 
and EGM96. 
The comparison between experimental degree variances and computed after the coefficients Cnm, Snm of the 
two models showed that the computed degree variances between the two models differ only in scale of 
power amplitude but they vary in the same way along the degrees. The comparison shows also that degree 
variances from the two models depict power amplitude until about degree=110 and beyond this degree they 
do not provide information. This result is in agreement with previous studies in this region. 
 
In contrary, the experimental degree variances for the 6 tested points, show that observed undulations carry 
local information on mass-density effects at depth and that this information is depicted in detail along the 
range of degrees [20-80]. The information is prominent about degrees n=40-60 or 70 and varies among the 
test points. At this range the amplitude level is much higher than the power at the surrounding degrees. For 
most points a considerable peak around the “noisy” part of spectrum may be detected beyond degree n=70 
around n=130. This information could not depicted in the model degree variances by any of models. 
 
It may be argued that these results show a possibility to detect the presence of local causal effects from 
lithosphere within the observed undulations, at the low and medium frequency part of the spectrum. At this 
stage of investigation there was no attempt to interpret this information. 
 
The computed amplitude experimental spectra by the FFT and the 3 dominating eigen-values of the 
correlation matrices at depth show again that signals at each point carry different information and that these 
differences may be due to local lithosphere effects. However a separation of causes effects is quite difficult 
for two reasons: 
 



1) There were no results of solution of the forward problem. A solution of the forward problem under 
probable scenarios may shed more information on this or into similar experiments, which actually 
aim to approach numerically an “inversion” of the observed geoid. 

 
2) Beneath the test area there are various causal “sources” at various depths (main and secondary 

faults, a subducting slab effect on geoid and an island arc, strong variations in the sea depth). 
 
The variety of “sources” within a small geographical extend interfere as combined effects upon undulations 
in very complicated way. It is believed that more powerful and detailed statistical tests upon the same data 
or use of more dense test points in this area for which experimental series have narrower lag (e.g. at each 
degree) might be useful to extract the content of geoid information related to geo-features at depth. 
However the present results support the belief that observed undulations when treated as signals do have 
information about causal “sources” at depth and that a better separation of these “sources” may contribute 
in geodynamical modelling. 
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Abstract
An important problem in the practical use of optimal spectral methods in gravity field modelling is the stationarity
assumption for the data noise and the underlying unknown signals. Such a restriction is required, according to the
standard Wiener-Kolmogorov estimation theory, in order to obtain signal approximation algorithms of simple
convolution structure that can be evaluated very efficiently through fast Fourier transform (FFT) techniques. Often, the
observation errors in the input data have significant spatial variations in their statistical behaviour, thus making the noise
stationarity assumption unrealistic for many practical situations. Also, a stochastic interpretation of the true values of the
various gravity field signals as random variables with similar statistical parameters is rather questionable, since they
describe physical phenomena that are not random (probabilistic) and certainly do not have a uniform (stationary)
behaviour over their domain. The aim of this paper is to present a spectral Wiener-type optimal filter which can be used
in geodetic estimation problems with arbitrary deterministic signals that are masked by non-stationary observation
errors.

 
1.  Introduction
The method of Wiener filtering is a well known and efficient spectral tool that can be used for geodetic data
‘de-noising’ in the frequency domain. Its framework is based on the Wiener-Kolmogorov linear prediction
theory for stationary random fields in the presence of stationary additive noise (KAILATH, 1974), and thus it is
closely related to the method of least-squares collocation with random observation errors (MORITZ, 1980). The
application of the Wiener filter in geodesy, either as an independent practical tool for data pre-processing or as
an integral component of a more general linear estimation methodology (i.e. input-output systems theory), has
primarily focused on problems related to optimal spectral gravity field modelling. For some practical
applications, see SIDERIS (1996), PAWLOWSKI AND HANSEN (1990), TZIAVOS ET AL. (1996). A detailed
discussion on the use of the Wiener-Kolmogorov filtering theory in gravity field estimation, and its
relationship with other linear approximation techniques traditionally used in geodesy, can be found in SANSO
AND SIDERIS (1997). 

In order to employ the classic Wiener filtering algorithm with noisy geodetic data, a stationarity assumption
has to be made for both the true/unknown signal and the external random errors. Such restrictions become
quite problematic for many gravity field applications, since (i) the underlying true signals cannot easily admit a
stochastic interpretation (thus making the stationarity assumption meaningless) and, most importantly, (ii) the
additive data noise does not usually follow a spatially uniform statistical behaviour; see KOTSAKIS AND
SIDERIS (2001) for more discussion. In this paper we will outline a convolution-based algorithmic procedure
that can be used in geodetic estimation problems regardless of the spatio-statistical properties of the underlying
signals and the data noise. Our analysis will cover the simple case where an unknown deterministic field is
observed under the masking of non-stationary random errors, and the desired output corresponds to an
improved (‘de-noised’) linear interpolating model of the noisy input data. An important point in our approach
is that the sampling resolution of the data will be taken into account within the optimization procedure,
resulting in a resolution-dependent noise filter. A numerical example, using a synthetic two-dimensional
gravity anomaly grid, has also been included to demonstrate the performance of our optimal noise filter under
non-stationary additive noise, at different sampling resolution levels.

2.  Methodology – Problem formulation
The main problem that is studied in this paper is the frequency-domain estimation of an unknown deterministic
field ),( yxg  using its noisy gridded samples Zmnyx mhnhd ∈,),(  according to the linear observation equation

),(    ),(    ),( yxyxyx mhnhvmhnhgmhnhd +=                                      (1)



where ),( yx mhnhg  are the true signal values, ),( yx mhnhv  is a non-stationary noise sequence, and yx hh ×
corresponds to the sampling resolution level. The unknown signal will be assumed to have compact support
over the real plane, and thus the integer sampling indices n and m in Eq. (1) can be practically restricted within
a finite range )1(0 −≤≤ Nn  and ).1(0 −≤≤ Mm  The Gauss-Markov stochastic model for the observation
errors is

{ } 0    ),( =yx mhnhvE                                                (2a)

{ } [ ]),( ),(    ),(    ),( 22 yxyxvyxvyx mhnhmhnhmhnhmhnhvE σσ ==              (2b)

{ } [ ]),( ),(    ),( ),( yxyxvyxyx lhkhmhnhlhkhvmhnhvE σ=              (2c)

The symbol )(2 ⋅vσ  denotes the noise variance at a single data point, whereas [ ])( )( ⋅⋅vσ  corresponds to the
noise covariance (CV) between two data points. The Fourier transform of the noiseless signal grid will be
denoted by ),( yxG ωω  and it is given by the summation formula (DUDGEON AND MERSEREAU, 1984)
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where the overbar symbol will be used to indicate a periodic function. We will also use the notation
),( yxV ωω  for the Fourier transform of the input data noise, which is defined as follows:
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Two special properties will be imposed a-priori in the estimation procedure, namely linearity and translation-
invariance. The reason for introducing the second property is to obtain a signal estimate that is independent of
the reference system used to describe the position of the data points. Note that the shift-invariance condition
has often been applied in the theoretical formulation of optimal estimation methods using errorless data
(SANSO, 1980; KOTSAKIS, 2000a), although its justification is not altered by the noise presence in the
observations. Taking into account these two assumptions, the signal estimation formula will have the general
convolution-type expression
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where ),( yxhξ  is a filtering kernel that needs to be determined in some optimal sense. The subscript h is used
to indicate that the estimation kernel will generally depend on the data resolution level .  yx hh ×

The signal error produced by the filtering formula in Eq. (5) can be decomposed into two components, i.e.

),(    ),(    ),(ˆ    ),(    ),( yxeyxeyxgyxgyxe vh +=−=                     (6)

where ),( yxeh  is the part of the total estimation error caused from the use of discrete data with finite
resolution (aliasing error), and ),( yxev  is the additional part due to the noise presence in the signal samples. In
the absence of noise from the input data, the best we can obtain is just an interpolated model ),(~ yxg  for the
unknown field that will depend on the true signal values at the given spatial resolution. We will assume that
such a noiseless signal model is given in terms of a linear and translation-invariant formula, as follows:
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where ),( yxhϕ  is some interpolating kernel that generally depends on the data resolution. The noise-
dependent estimation error will be measured with respect to such a linear interpolating model for the unknown
field, i.e.

),(ˆ    ),(~    ),( yxgyxgyxev −=                                                          (8a)

whereas the (pure) aliasing error is

),(~    ),(    ),( yxgyxgyxeh −=                                                          (8b)

The actual choice of the interpolating kernel ),( yxhϕ  is irrelevant for the purpose of this paper, and it can be
optimized by minimizing a suitable functional of the aliasing error component );,( yxeh  see KOTSAKIS (2000a,
b). The unknown filtering kernel in Eq. (5) will be determined through the familiar Wiener-Kolmogorov mean-
square-error (MSE) criterion
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where ),( yxvE ωω  is the Fourier transform of the noise-dependent error term ).,( yxev  It is easy to show that
the corresponding optimal estimation filter will finally be given by the formula
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where ),( yxh ωωΞ  and ),( yxh ωωΦ  are the Fourier transforms of the filtering kernel ),( yxhξ  and the

‘reference’ interpolating kernel ),,( yxhϕ  respectively. The auxiliary term ),( yxvP ωω  shown in the last
equation corresponds to the ‘power spectral density (PSD)’ noise quantity
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where E denotes the usual expectation operator. The result in Eq. (10) indicates that the estimation procedure
can be decomposed into two individual steps which are connected in a linear cascading manner (see Figure 1).
The first step, expressed by the filter component ),,( yxW ωω  has the role of ‘de-noising’ the discrete data
using information on the average behaviour of the input noise and the unknown field at the given resolution
level. The second filter component ),( yxh ωωΦ  is solely used to obtain a continuous representation for the
output signal ),(ˆ yxg  based on an a-priori selected interpolating/modelling kernel ).,( yxhϕ  For more
mathematical details and derivations, see KOTSAKIS AND SIDERIS (2001). 

 

Figure 1.  The cascading structure of the optimal linear estimation filter. 
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3.  The Wiener-like structure of the optimal estimation filter

The structure of the optimal estimation filter in Eq. (10) is very similar to the classic Wiener filter, since they
are both defined in terms of a certain signal-to-noise ratio (SNR) expression. However, there do exist
conceptual differences between the two filtering schemes because in our formulation: (i) the unknown field has
been modelled as a deterministic (instead of stochastic) signal, and (ii) the additive data noise has not been
restricted to being stationary. Thus, it is important to clarify what is the exact meaning of the two frequency-
domain terms that appear in the expression of our SNR-type optimal noise filter ).,( yxW ωω  From Eq. (10),
we have that
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where NΜ is the total number of points in the input data grid. The two auxiliary functions ),( yxA ωω  and

),,( yxB ωω  in the last equation, correspond to the Fourier transforms of two associated sequences which have
the CV-like expressions (for a proof see KOTSAKIS AND SIDERIS, 2001) 
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The sequence in Eq. (13a) is the discrete (spatio-statistical) CV function of the true deterministic signal at the
given data resolution level, and thus the term ),( yxA ωω  in Eq. (12) is just the power spectrum of the true
signal values ).,( yx mhnhg  The sequence in Eq. (13b), on the other hand, does not exactly correspond to the

noise CV function and, as a result, the quantity ),( yxB ωω  in Eq. (12) should not in general be viewed as the
data noise PSD (such an interpretation is possible only when the data noise is stationary). The sequence

) ,( yx mhnhb  can be perceived as a ‘mean’ CV function of the random observation errors. Its value at the
origin gives an average indication of the noise level at every data point of the input grid, i.e.
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whereas its values at the other points correspond to ‘averages’ of the noise covariance over pairs of data points
with coordinate difference equal to ).,( yx mhnh  The numerical evaluation of the optimal noise filter

),( yxW ωω  in practice can take place only at discrete frequency values using the discrete Fourier transforms
(DFTs) of the two CV-type sequences ) ,( yx mhnha  and ); ,( yx mhnhb  more details on the properties and
practical implementation of the optimal noise filter can be found in KOTSAKIS AND SIDERIS (2001).

4.  Numerical experiment

A numerical experiment was performed to test the noise filtering component of the optimal estimation kernel
that was previously derived. A deterministic signal ),,( yxg  assumed to represent some local gravity anomaly
field, was initially synthesized using a truncated Fourier series expansion with a record length of 200 × 200
km. The continuous signal was sampled at various resolution levels to obtain noiseless gridded values
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).,( yx mhnhg  Four different sampling resolutions were selected, namely 0.5 × 0.5, 1 × 1, 2.5 × 2.5 and 5 × 5

km. All signal grids at each resolution level were partitioned into four equal blocks/quadrants, labeled as
northwest (NW), northeast (NE), southwest (SW) and southeast (SE). The simulated data noise, which is going
to be added to the true signal values, will have different statistical behaviour in each of the four grid quadrants. 

A zero-mean noise sequence was added to the samples of the true signal in order to create the input data
),( yx mhnhd  at every resolution level. The noise values originated from a non-stationary and uncorrelated

Gaussian stochastic process, using the routines for random number generation of the MATLAB software
package. The noise variance was constant within each quadrant (NW, NE, SW and SE) of the data grids, with
its values set to 144 mGals2, 9 mGals2, 144 mGals2 and 49 mGals2, respectively. The sample statistics of the
simulated noise values in the four different quadrants of the data grids are shown in Table 1, for some selective
resolution levels.

Table 1.  Statistics of the simulated noise values in the four quadrants of the data grids (in mGals).

Data resolution
(in Km) 0.5 × 0.5 1.0 × 1.0

Grid quadrants NW SW NE SE NW SW NE SE
Max 49.61 55.64 12.47 27.37 53.15 43.04 11.45 25.88
Mean -0.04 0.02 0.02 -0.01 0.03 0.01 0.02 -0.08
Min -52.61 -46.34 -12.14 -27.14 -52.71 -47.87 -10.24 -28.58
Std 11.99 12.05 3.00 6.98 12.07 12.08 2.95 7.01

 

 
 

Figure 2.  Noisy gravity anomaly values (top plot) and estimated/filtered gravity anomaly values (bottom plot), for the data
resolution level (1 × 1) km. Observe that the input noise is much stronger in the western parts of the data grids.  



The optimal noise filter ),( yxW ωω  was computed through a fast Fourier transform (FFT) algorithm at each
resolution level ,  yx hh ×  according to the SNR expression given in Eq. (12). It was then multiplied by the FFT
of the noisy gridded data ),( yx mhnhd  and the result was finally transformed back to the space domain as an
estimated (‘de-noised’) signal sequence ).,(ˆ yx mhnhg  An example of the original noisy data grid and the
filtered signal values is given in Figure 2. The statistics of the differences between the true signal samples and
the estimated signal values, for every resolution level used, are also given in Table 2 below. 

Table 2.  Statistics of the differences between the true and the filtered signal values (in mGals).
Data resolution (in
Km) 0.5 × 0.5 1.0 × 1.0 2.5 × 2.5 5.0 × 5.0

Max 3.09 3.51 5.53 6.26
Mean 0.00 0.01 -0.05 0.10
Min -3.25 -4.00 -4.86 -8.01
Std 0.66 0.91 1.43 2.26

It is interesting to observe that the output estimation error of the filtered signal values is decreasing, as the data
resolution increases. Such a result is not surprising and it just confirms the (already well-known from signal
analysis theory) fact that oversampling leads to noise reduction in the final signal estimate.

5.  Conclusions

We have presented a modification of the classic Wiener filtering algorithm which allows us to work with
deterministic fields that are masked by additive non-stationary noise. The informal similarities of our
estimation framework with the Wiener filtering formalism stem from the initial assumption in Eq. (5) that the
optimal signal estimate should be linear and translation-invariant. This led to a convolution SNR-type
computational scheme that can always be implemented very efficiently using FFT techniques. Of special
importance in our derivations was the decomposition of the total estimation error into an aliasing component
and a noise-dependent component. A detailed discussion on this subject, along with some comments on the
problems encountered when we attempt to apply a ‘one-step’ optimization of the total signal estimation error,
can be found in KOTSAKIS AND SIDERIS (2001). The presented methodology can be proven a useful tool in
various geodetic estimation problems of local and/or regional scale, such as the optimal spectral geoid
determination from noisy gridded gravity data. 
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Abstract

14 235 torsion balance data for Hungary are presently available at the Eötvös Loránd
Geophysical Institute (ELGI) in digital form. These data are of good quality and we
have used these data to recover gravity and geoid for two test areas in Hungary. Least
squares collocation and numerical integration by spectral methods were used for the
computations. We have compared our predictions to gravity anomalies and geoid undu-
lations based on the HGTUB2000 gravimetric geoid solution as well as to GPS/leveling
data. The comparison shows that using only gravity gradient data sufficient accuracy
can be achieved in gravity field recovery. It reaches the level of 1-2 mGal in terms of
standard deviation between the observed and the predicted quantities.

1 Introduction

Nowadays there is an increasing interest in measuring gravity gradients of the Earth’s gravity field.
Such data are being measured from various mobile (air, marine and satellite) platforms (see Bell
et al. (1997) and Pawlowski (1998)). One major advantage of gradient measurements is their relative
insensitivity to platform accelerations which constitutes a major problem for airborne gravimetry.
Moreover, for space gradiometric devices (e.g. the GOCE gradiometer, Visser (1999)) the expo-
nential gravity signal decrease for increasing altitude is counteracted by the signal amplification at
shorter wavelengths, which is the result of differentiating twice the gravity potential (Rummel et al.,
1993).

Historically, the first gradiometric measurements were collected by the terrrestrial gradiometric
device invented by R. Eötvös at the end of the 19th century (Selényi, 1953). In this respect Hungary
has an advantageous position, since more than 60 000 torsion balance measurements have been
collected between 1901 and 1967 by different surveys (Völgyesi, 2001). The main part of the
original recording of these surveys is stored at Loránd Eötvös Geophysical Institute (ELGI). Even
in time of Eötvös these data have been used for various geodetic tasks besides the main purpose of
collecting the torsion balance measurements, exploration for natural resources.

In this paper we use two different techniques for gravity field recovery from terrestrial gravity
gradiometry (Eötvös torsion balance data); least squares collocation and numerical integration by
spectral methods. Least squares collocation is particularly well suited for gradient data since it



Area A Wxz Wyz 2Wxy W∆ txz tyz 2txy t∆

min -16.3 -22.9 -29.1 -43.2 -10.3 -11.4 -36.7 -28.2

max 42.5 27.6 32.3 33.7 8.5 13.3 22.4 16.2

mean 8.5 0.6 4.3 0.5 0.0 -0.3 0.2 -0.1

std ±6.9 ±6.4 ±8.2 ±10.0 ±2.3 ±2.6 ±5.0 ±4.8

corr 0.300 0.419 0.488 0.455

Area B Wxz Wyz 2Wxy W∆ txz tyz 2txy t∆

min -38.4 -65.8 -175.3 -324.3 -42.3 -38.4 -167.9 -292.6

max 75.9 67.4 299.7 216.0 35.1 38.9 257.7 163.1

mean 13.1 -8.6 2.1 -7.8 1.5 -2.4 -1.4 -5.5

std ±15.1 ±17.3 ±51.6 ±65.9 ±7.9 ±8.4 ±44.6 ±56.4

corr 0.649 0.708 0.927 0.918

Table 1. Statistics of gravity gradients and curvatures for test areas A and B (number of data: 752 and 691 resp.; all
figures are in Eötvös Units, 1 E.U. = 10−9s−2). t denotes the topographic effect and the linear correlation coefficients
between gravity and topographic gradients are also shown.

can handle them alone and in various combinations. For example: all of the measured gradients,
mixed vertical-horizontal type {Wxz, Wyz} and pure horizontal type combination {W∆ = Wyy −
Wxx, 2Wxy} can be included in gravity field recovery by least squares collocation. Examples for its
application in the literature are GGSS gravity gradient data (Jekeli, 1993) processing in Arabelos and
Tziavos (1992) and Arabelos and Tscherning (1999). The spectral methods can handle large amount
of gradient data, but analytical solution for the integration kernel is required for pure horizontal
type of torsion balance observables {Wyy −Wxx, 2Wxy}. Gravity anomalies and geoid heights were
recovered for two areas of different topography in Hungary by these two methods.

The outline of the paper is as follows: Firstly we describe our data and data preprocessing. Sec-
ondly an outline of the different methods is presented with special emphasis on the covariance
function determination. Thirdly, numerical results will be presented and discussed, with some con-
clusions drawn and recommendations.

2 Data preparation

2.1 Torsion balance data

The source of the terrestrial gravity gradient data for the computations was the database of ELGI,
now containing 14 235 point values (average station distance is 1-3 km). This data set includes
all the gradients {Wxz, Wyz} and the so-called curvatures {Wyy − Wxx, 2Wxy} and the horizontal
geodetic coordinates of the stations. Also, terrain effects on all the gradients are available for each
measurement station. Since no height information is associated with these data, we have interpolated
station heights from a 500 m × 500 m DTM to be used in the least squares collocation.

Two areas with different characteristics of the terrain has been selected for the gravity field recov-
ery. Area A is of very smooth topography (minimum height: 79 m, maximum: 120 m). Its size is
approximately 60 × 40 km. Moderate hills can be found in the test area B of size 25 × 22 km (min-
imum and maximum heights of the terrain are 113 m and 320 m, respectively). The location of the
above two test areas are shown in Fig. 1. The basic statistics of the measured gradients and their to-
pographic effects for the two test areas are shown in Table 1. By looking at the numbers there seems
to be a difference between the two areas since the correlation coefficients are very high in area B,
especially for the pure horizontal gradient combinations (curvatures). This confirms the well-known
fact that torsion balance measurements are very sensitive to the near horizontal topographic masses.
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Fig. 1. Distribution of torsion balance measurements in Hungary. The locations of two test areas A and B are shown.
Geodetic coordinates are in the GRS80 system.

The accuracy of gradients are estimated to be about ±1 − 2 E.U. , while for the curvature data
these numbers are generally higher, ±2 − 4 E.U. according to Völgyesi (2001).

2.2 Data preprocessing

As a general rule, all known gravity signals should be removed from the data to obtain a field which
is statistically more homogeneous before collocation prediction is attempted. This will make the
residuals more smooth, easily interpolable, and with zero mean. The first known gravity gradient
signals that have been removed were the normal value of the gradients Uxz and U∆, expressed by
the formulas (Hein, 1981)

Uzx =
1

M
γeβ sin 2ϕ ≈ 8.12 sin 2ϕ [E.U.] (1)

and

U∆ = γ
(

1

M
− 1

N

)
≈ 10.26 cos2 ϕ [E.U.] (2)

where γe is the normal gravity at the equator, β denotes gravity flattening and M and N are cur-
vatures in the meridian and prime vertical directions, respectively at the point with latitude ϕ and
normal gravity γ.

The second known signal that has been removed from the gradients was a reference field rep-
resented by a geopotential model. In the present study the effect of the EGM96 field has been
removed. Thirdly, the topographic effect on the torsion balance measurements has been removed.
This produced about 60% signal decrease e.g. for W∆ for test area B.



Finally, since it is not possible to remove a localized trend by applying these corrections only,
we decided to take into account a local trend as well. This procedure was similar to the one used
by Hein and Jochemczyk (1979) for the torsion balance data in Germany when modelling local
covariance functions from torsion balance gradients. Three such local trend models - as functions
of the position - were applied:

– Simple bias

– Linear trend function

f1(φ, λ) = c1 + c2(φ − φ0) + c3(λ − λ0) (3)

– Quadratic trend function

f2(φ, λ) = c1 +c2(φ−φ0)+c3(λ−λ0)+c3(φ−φ0)
2 +c4(φ−φ0)(λ−λ0)+c5(λ−λ0)

2 (4)

In these equations c1, . . . , c5 and φ0, λ0 are constants whereas φ and λ are geodetic latitude and
longitude, respectively.

3 Gravity field recovery

3.1 Least squares collocation

Covariance function determination

Empirical covariance functions were determined for the two test areas from differently reduced
gravity gradients. Only residual gravity gradients were used for the covariance function estimation,
i.e. no other gravity information has been included. The reason for this was that although 1’×1.5’
mean gravity anomalies were available to us over both areas we wanted to assess the quality of the
recovery of the gravity anomalies from torsion balance measurements only.

Next step was to approximate the empirical values by a model. The covariance model used was
the Tscherning-Rapp Model 2 with B = 4 in the denominator as described in (Tscherning, 1994),
Eq.(19). Thus the degree variances of the model were

σ2
� (T ) =

A

(� − 1)(� − 2)(� + 4)
for � ≥ 3. (5)

Three combinations of reduced gradients were used for covariance fitting:

– Mixed horizontal-vertical combination {Wxz, Wyz}
– Pure horizontal combination {2Wxy, W∆}
– All the measured gradients {Wxz, Wyz, 2Wxy, W∆}

Empirical and theoretical autocovariance functions for the test area A are shown in Fig. 2.
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Fig. 2. Autocovariance functions for the test area A when all gradients are considered. A linear trend was removed
from the residual gradients.

Gravity and geoid prediction

Since our aim was to compare the predicted gravity field gradients with the actual data, two such
quantities - gravity anomalies and geoid heights - were computed by least squares collocation for
the three different combinations of the torsion balance measurements (see above). Our previous test
have shown (Tóth, 2001) that the linear trend model is the best, all the following computations were
restricted to this choice of the trend removal. This means altogether 2 × 3 × 2 = 12 combinations
(the two test areas, the three combinations of the reduction, and for gravity and geoid).

The prediction points were the 1’×1.5’ grid points of the HGTUB2000 gravimetric geoid solution
(Tóth and Rózsa, 2000). The prediction area was slightly smaller than data area to avoid the possible
edge effects. Geoid height predictions has also been performed on the GPS/Levelling points of the
OGPSH Hungarian GPS network. There were 6 such points for area A and only one point for area
B.

3.2 Numerical integration by spectral methods

It is possible to recover various gravity field quantities by numerical integration of the gravity gra-
dients if the closed analytical integral formulas are available. The closed integral formulas (for
both horizontal and mixed horizontal/vertical derivatives) has been developed by van Gelderen and
Rummel (2000) for the theoretical solution of the geodetic boundary value problem. Working with
these new formulas will be elaborated in a forthcoming paper. In the present paper a more simple
procedure was followed.



Area A min max mean sd

{Wxz, Wyz} -2.14 4.77 1.38 ±1.37

linear trend removed -4.54 2.09 0.00 ±1.05

{2Wxy, W∆} -12.64 -6.55 -10.20 ±1.08

linear trend removed -2.01 2.64 0.00 ±0.85

{Wxz, Wyz, 2Wxy, W∆} 0.87 6.92 4.07 ±0.89

linear trend removed -3.09 1.62 0.00 ±0.68

Area B min max mean sd

{Wxz, Wyz} -11.98 3.31 -5.31 ±3.96

linear trend removed -3.37 4.08 0.00 ±1.67

{2Wxy, W∆} -14.51 2.65 -6.50 ±4.48

linear trend removed -5.75 7.85 0.00 ±2.73

{Wxz, Wyz, 2Wxy, W∆} -22.68 -3.67 -15.36 ±4.55

linear trend removed -5.46 6.71 0.00 ±2.15

Table 2. Statistics of gravity anomaly differences in mGal for test areas A and B.

Vassiliou (1986) derived plane integration formulas and spectral relations between mixed-type
gravity gradients Txz, Tyz and gravity disturbances δg. The integral formula is the following:

δg(x, y) = − 1

2π

∫ ∫ [
Txz(x1, y1)(x − x1) + Tyz(x1, y1)(y − y1)

(x − x1)2 + (y − y1)2

]
dx1dy1 (6)

The connection between the spectra of gradients and the gravity disturbance is determined by the
following equation

F{δg(x, y)} = − ju

2πq2
F{Txz(x, y)} − jv

2πq2
F{Tyz(x, y)}, (7)

where F{·} denotes Fourier transform, u and v are the spatial frequencies (in cycles per distance
unit), j is the imaginary unit and q2 = u2 + v2. If the (2/R) T term, which describes the differ-
ence between the gravity anomaly and the disturbance is neglected on the residuals, Eq. (7) is the
approximate spectral connection between the gravity gradients and the gravity anomalies.

This approximate formula was used in the spectral domain to perform numerical integration in
planar approximation. To achieve this, residual gravity gradients were interpolated onto a 1.5 km
× 1.5 km planar grid for area A, thus two 26 × 42 grids with 1092 points each were used for the
spectral computations. In the FFT procedure 100% zero padding has been applied on the input grids
to avoid circular convolution, see Sideris and Li (1993).

4 Results and conclusions

As it was explained in the previous section, residual gravity anomalies and geoid heights were
recovered for two selected test areas with different characteristics of the terrain in Hungary. These
residuals were compared to the recent HGTUB2000 gravimetric geoid solution, i.e. they were
compared with residual Faye anomalies of this gravimetric solution, reduced to the EGM96 gravity
and topography. This comparison is valid, since both values are topographically reduced ones. We
have considered also to remove a linear trend from these differences by least squares fitting. In
Figs. 3 and 4 the gravity anomaly differences are shown for the two test areas when all the gradients
were included in the collocation solution. The statistics of gravity prediction differences for the
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Fig. 3. Gravity anomaly differences from the collocation solution. Test area A, contour interval is 0.2 mGal, all gradients
are used for gravity recovery. Linear trend was eliminated from the differences.

collocation solution are shown in Table 2 for different combination of gradients.
Corresponding numbers for the geoid height predictions are presented in Table 3.
The comparison with GPS/levelling derived geoid heights at 6 points showed after bias removal

the standard deviation of differences ±0.110 m, with maximum 0.154 m, and minimum -0.138 m.
Looking at the above numbers it can be concluded that for the area of very smooth topography

the {2Wxy, W∆} combination proved to be better than the {Wxz, Wyz} combination in terms of
the standard deviation of differences. For this area it can be seen that the best results are obtained
when all of the gradients are used in a combination solution, producing as low standard deviation of
gravity and geoid height differences as ±0.7–0.9 mGal and ±7–11 mm, respectively.

For the area with moderate hills the topographic effect seems to be dominant and maybe this is
the reason why the results are better with the {Wxz, Wyz} combination. The prediction of gravity
anomalies produced ±1.7–3 mGal residuals in terms of standard deviation of differences and ±8–
15 mm in geoid heights with respect to our previous gravimetric geoid solution.

Numerical integration by planar FFT was done over area A and Table 4 shows the statistics of
differences between various solutions. The area of comparison was restricted to that part of the
grid where the collocation result were also available. These final comparisons have been done on a
150 m grid. It can be concluded from these results that collocation and spectral methods agree at the
0.4 mGal level when predicting gravity anomalies from mixed horizontal/vertical gravity gradients.

5 Recommendations and outlook

Our numerical tests for two selected areas in Hungary demonstrated the fact that torsion balance
measurements can advantageously be applied for gravity field determination. The preferred method
of using these data is in combination with other gravity field quantities such as gravity anomalies,
deflections of the vertical, geoid heights derived from GPS/levelling data. Least squares collocation,
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Area A min max mean sd

{Wxz, Wyz} -0.791 -0.656 -0.736 ±0.036

linear trend removed -0.014 0.018 0.000 ±0.007

{2Wxy, W∆} -0.818 -0.741 -0.778 ±0.024

linear trend removed -0.014 0.015 0.000 ±0.006

{Wxz, Wyz, 2Wxy, W∆} -0.665 -0.573 -0.602 ±0.023

linear trend removed -0.043 0.016 0.000 ±0.011

Area B min max mean sd

{Wxz, Wyz} -0.764 -0.687 -0.707 ±0.015

linear trend removed -0.059 0.018 0.000 ±0.015

{2Wxy, W∆} -1.054 -0.876 -0.989 ±0.039

linear trend removed -0.019 0.040 0.000 ±0.014

{Wxz, Wyz, 2Wxy, W∆} -1.127 -0.795 -0.980 ±0.075

linear trend removed -0.012 0.024 0.000 ±0.008

Table 3. Statistics of geoid height differences in meters for test areas A and B.

Area A min max mean sd

Collocation - HGTUB2000 -5.16 2.27 -1.37 ±1.04

FFT - HGTUB2000 -2.33 6.38 1.51 ±1.14

Collocation - FFT -4.11 -1.65 -2.88 ±0.35

Table 4. Gravity differences in mGal for test area A between different solutions



though numerically tedious, can effectively be used for such combination solutions, and we plan to
integrate our available torsion balance data with these other gravity field quantities to recover geoid
heights accurately for Hungary.

Our tests have showed that it is essential to carefully deal with terrain effects on gradients, espe-
cially when using pure horizontal second order derivatives of the potential, before using such data
for gravity field determination. Covariance function fitting can be problematic in areas with pro-
nounced topography, so using different simple trend models to remove systematic effect might be
important.

Using numerical integration for recovering gravity field quantities from the terrestrial gradient
measurements is still in its infancy. To our knowledge only line integration has been used to re-
cover deflections of the vertical, gravity anomalies or geoid heights (Völgyesi, 2001). van Gelderen
and Rummel (2000) has recently shown that the solution of the geodetic boundary value problem
(GBVP) is possible with different gravity field quantities including torsion balance observations.
After looking at their solution, however, it seems that it will be difficult, if at all possible, to find
closed expressions to some of the kernel functions involved. Anyhow, this method is also interesting
since it also allows combining different parameters of the gravity field in a least squares sense. The
practical application of these integral formulas is still an open direction of research for the future.
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ABSTRACT 
Geoid determination by Stokes’ formula requires that there are no masses outside the geoid and 
that gravity observations refer to the geoid. Both Helmert’s 1st and 2nd methods of condensation 
satisfy these requirements by condensating the topographical masses on a layer below the geoid 
or directly on the geoid. For computing the direct as well as the indirect effect also a precise 
density model for the topographical masses is necessary. In this contribution the indirect effect 
for Helmert’s condensation methods is studied for different density models and numerical 
investigations are done for two different test areas. 

 
 
1.  INTRODUCTION 
 
It is common in geodesy to use mathematical reductions for the effect of topographical masses in 
order to satisfy the assumption of Stokes’s boundary value problem that there are no masses outside 
the geoid and the gravity observations refer to the geoid (e.g. Heiskanen and Moritz 1967). This 
was the original intention of Helmert’s method of condensation (Helmert 1884). Applying 
Helmert’s model, implies the computation of three different correction terms (e.g. Wichiencharoen 
1982, Martinec 1998). These are the so-called direct topographical effect on gravity, the primary 
indirect topographical effect on potential, which is called here indirect effect on potential, and the 
secondary indirect topographical effect on gravity. All these effects are computed using Newton’s 
volume integral which means they are directly influenced by the density distribution of the 
topographical masses. 
The indirect effect on potential of Helmert’s 2nd method of condensation has been studied by 
several authors. Heiskanen and Moritz (1967), Wichiencharoen (1982), Vaniček and Kleusberg 
(1987), Wang and Rapp (1990), Heck (1993) and others have used the planar approximation of the 
geoid. Spherical approximation of the geoid has been employed e.g. by Martinec (1998), Sjöberg 
and Nahavandchi (1999), Vaniček, et al. (1999), Kuhn (2000a) among others. Due to the small 
magnitude of the indirect effect, Helmert’s 2nd method of condensation has also been intensively 
studied within a geoid determination, in the so-called Stokes-Helmert technique, by many authors 
(e.g. Wichiencharoen 1982, Martinec and Vaniček, 1994, Vaniček and Martinec 1994, Martinec et 
al. 1993, Sjöberg and Nahavandchi 1999, Vaniček et al. 1999). 
Usually the topographical effects are computed using a mean crustal density of ρ0 = 2670 kg/m3. 
The real density distribution of the topographical masses however can differ from ρ0 due to 
geological formations by more than 10%. Especially in mountainous areas these differences can 
result in significant influences on the geoidal height. Therefore, in the last few years the use of more 
sophisticated density models within a precise geoid determination can be observed (e.g. Martinec 
1993, Marti 1997, Martinec 1998, Kuhn 2000a 2000b, Huang et al. 2001). 
This paper studies both the indirect effect on potential of Helmert’s 1st and 2nd method of 
condensation and the influence of different density information. Numerical investigations are made 
for two different test areas. 
 



2.  THE INDIRECT EFFECT ON GEOID DETERMINATION 
 
The indirect effect on potential within the Stokes boundary value problem is the difference between 
the gravitational potential of the topographical masses and the compensated masses of the actual 
used compensation model (Heiskanen and Moritz 1967). Using Helmert’s model in general the 
topographical masses, generating the gravitational potential V t are condensed on a surface layer 
generating the gravitational potential V c. Following this idea Helmert (1884) suggested the 
decomposition of V t by 
 

,hct VVV δ+=  (1) 
 

where δV h is called the residual topographical potential (e.g. Martinec 1998). Taking V t and the 
potential V g generated by the masses below the geoid, the gravitational potential of the Earth can be 
represented by 
 

.tg VVV +=  (2) 
 

Following these assumptions the gravity potential of the Earth W may be expressed either by 
 

Φ++= tg VVW      or by     W  (3) Φ+++= hcg VVV δ
 

where Φ is the centrifugal potential of the Earth. For Helmert’s model the gravity potential of the 
Earth is given by 
 

Φ++= cgh VVW  (4) 
 

where V t is approximated by V c. Introducing the normal gravity potential U, generated by a 
geocentric biaxial ellipsoid spinning with the same angular velocity as the Earth, the disturbing 
potential of Helmert’s model becomes 
 

UWT hh −=  (5) 
 
T h is harmonic outside the geoid (e.g. Martinec 1998) and therewith for a spherical approximation 
of the geoid, Stokes’ formula (e.g. Heiskanen and Moritz 1967) can be applied to determine the 
disturbing potential T  given on the geoid at point Ph

0 0. Using Brun’s formula (e.g. Heiskanen and 
Moritz 1967) and neglecting terms of the order O(N2) the separation between the geoid given in 
Helmert’s model (co-geoid) and the reference ellipsoid is given by  
 

Q

h
h T

N
γ

0=  (6) 

 

where γQ is the normal gravity at the corresponding point PQ on the reference ellipsoid. Finally 
applying the indirect effect on geoid here simply called the indirect effect  
 

Q

h
h V

N
γ
δ

δ 0=  (7) 

 

which is the indirect effect on potential , given on the geoid, divided by the normal gravity γhV0δ Q, 
the geoid height is derived by  
 

Q

hh
hh VT

NNN
γ
δ

δ 00 +
=+=  (8) 

 



Note N h describes the equipotential surface with the gauge value W0 within Helmert’s model of the 
Earth, called in general co-geoid (e.g. Wichiencharoen 1982). For this model the topographical 
masses are approximated by the condensed masses following the idea given in Eqn. (4). The 
separation between the co-geoid and the geoid is given by the indirect effect (Eqn. 7) which 
represents the difference by the potential effect of the residual topographical massesδ . hV0

In order to compute the indirect effect the gravitational potentials V t and V c have to be computed. 
The first term is given by Newton’s volume integral 
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where G is Newton’s gravitational constant. Here (Ω,r) denotes the geocentric spherical coordinates 
and the integration is performed over the topographic masses bounded by the radius of the geoid 
rg(Ω) and the Earth’s surface given by the radius function rg(Ω)+H(Ω), where H stands for the 
topographical height. L(r,ψ,r’) is the distance between the computation point (Ω,r) and an 
integration point (r’,Ω’) given by  
 

ψψ cos'2')',,( 22 rrrrrrL ⋅−+=  (10) 
 

and ψ is the angular distance between both points. The 3-D density function ρ(Ω,r) is simplified by 
the mean value, averaged along the topographical column of height H(Ω) as given e.g. in Martinec 
(1998) by 
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The gravitational potential V c is given by Newton’s surface integral 
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where κ(Ω) is the corresponding surface density value derived from the 3D-density function ρ(Ω,r) 
and R0 is the mean radius of the geoid in spherical approximation. The Newton kernel 1 / L(r,ψ,r’) 
is only weakly singular and the singularity can be removed mathematically (e.g. Martinec 1998). 
In accordance with Martinec and Vaniček (1994) the superscript “h” denotes values occurring for 
Herlmert’s model. In principle the above described formulae can be used for any other 
compensation model which satisfies the assumption for Stokes’ formula. In this case the values with 
the superscript “h” have to be replaced by the corresponding value for the actual used 
compensation model (e.g. Kuhn 2000a). 
 
3.  HELMERT’S 1st AND 2nd CONDENSATION METHOD 
 
Helmert (1884) suggested two different methods to compensate the topographical masses by a 
surface layer. His aim was to create a harmonic continuation of the gravity potential of the Earth, 
from the Earth’s surface down to the geoid. In the 1st method of condensation the topographical 
masses are condensed on a surface layer “parallel” to the geoid, located in a depth of D = 21 km 
below the geoid, whereas in the second method of condensation the condensation layer is located 
directly on the geoid (Figure 1). These are two simple models for the regularisation of the 
topographic masses which don’t have a physical interpretation such as the well known isostatic 
compensation models, but they will fulfil the assumption for Stokes’ formula. 



The surface density κ(Ω) of the condensed masses, derived in general from the 3-D density function 
ρ(Ω,r), can be chosen in many different ways. In this paper the actual density distribution of the 
topographical masses ρ(Ω,r) is modelled by a laterally variable density function )(Ωρ , according 
to Eqn. (11). In order to leave the mass of the Earth unchanged the surface density κ(Ω) is chosen 
by the principle of conservation of topographical masses. In spherical approximation of the geoid 
we have to deal with the masses of tesseroids  
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and the corresponding mass of the surface element of a tesseroid 
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The tesseroid is the spherical body illustrated in Figure 1 bounded by the geographical coordinate 
lines λ1, λ2, ϕ1, ϕ2, and the radii R0 and R0 + H. 
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Fig. 1: Helmert’s model of condensation in spherical approximation 
 
The equality of the masses in Eqn. (13) and (14) yields the condition for the surface density of 
Helmert’s 1st model of condensation by (e.g. Kuhn 2000a), 
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with D = 21 km. In the second method of condensation the surface layer is located directly on the 
geoid (D = 0) and yields the surface density 
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which is also given by e.g. Martinec Vaniček (1994). Further simplifications of the Eqn. (15a) and 
(15b) can be done by approximating the tesseroid by a prism of the same mass as it is done e.g. by 
Anderson (1976) or Kuhn (2000a), which results in the simple expression for the surface densities 
of the 1st and 2nd method of condensation 
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The relative error using Eqn. (16a) and (16b) instead of Eqn. (15a) and (15b) reaches 1.7⋅10-7 for a 
maximal height of 10 km which can be neglected for all practical purposes. 
Finally in a planar approximation of the geoid, terms of the order H/R are neglected, and the surface 
density is given by the well known formula ).()()()( 21 ΩΩ=Ω=Ω Hhh ρκκ  

 
4.  NUMERICAL INVESTIGATIONS 
 
To investigate the behaviour of the indirect effect of Helmert’s methods of condensation two 
different test areas are chosen. Test area I is the region of Baden-Württemberg (south-west part of 
Germany). This region has mainly moderate mountains with the highest elevation of about 1500 m 
located in the south-west. In the western part the big valley of the Rhine can be seen (Figure 2). 
Test area II is the region of central Europe (Figure 3), which contains many different topographical 
formations, from great flat areas over different mountainous regions up to very high mountains in 
the European Alps with elevations of nearly 5 km. 
In order to determine the indirect effect for test area I a 30” x 50” Digital Terrain Model (DTM) 
developed by the German Federal Agency for Cartography and Geodesy (Bundesamt für 
Kartographie und Geodäsie, BKG), has been used. For Europe and the influence of the global 
topography the global 5’ x 5’ DTM (JPG95E) developed by the NASA/Goddard Space Flight 
Centre (GSFC) in different resolutions is employed. 
All potential effects represented by Eqn. (9) and (12) are determined by the sum of the effects from 
different geometrical bodies such as tesseroids and prisms for the topographical masses as well as 
spherical surface elements of the condensed masses (e.g. Kuhn 2000a). 
In Figures 4 and 5 the indirect effect is illustrated for Helmert’s 1st and 2nd method of condensation 
computed with the constant density ρ0 = 2670 kg/m3 for the topographical masses and the surface 
densities according to Eqn. (15a) and (15b). 
Both results are showing a good correlation with topography with a smoother structure in Figure 4 
as in Figure 5. This is due to the farer location of the condensation layer with respect to the 
computation point. Another effect coming from the location of the surface layer are the higher 
magnitudes for the 1st method of condensation. They are going up to more than one metre in the 
region of the highest mountains whereas they are reaching only one decimetre in the case of 
Helmert’s 2nd method of condensation (Table 1). Even for the highest mountains in the European 
Alps the indirect effect of Helmert’s 2nd method of condensation (not illustrated here) reaches only 
some decimetres whereas they are reaching several metres for the 1st method of condensation which 
can also be seen in Table 1. 
 

        Test Area I        Test Area II 
   [m] 1

0

hN ρδ  2
0

hN ρδ  1

0

hN ρδ  2
0

hN ρδ  
   Mean 0.390 0.034 0.024 0.038 
   Min -0.244 0.024 -0.673 0.023 
   Max 2.123 0.130 4.315 0.533 

 

Table 1:  Statistic of the indirect effect derived with  ρ0 = 2670 kg/m3. 
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Fig. 2: Heights in test area I. Contour interval: 125 m. 

 

 
 

Fig. 3:   Heights in test area II   [m] 
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Fig. 4:   Indirect effect δ  in test area I for Helmert’s 11

0

hN ρ
st method of condensation  

with ρ0 = 2670 kg/m3. Contour interval: 0.2 m. 
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Fig. 5:   Indirect effect δ  in test area I for Helmert’s 22

0

hN ρ
nd method of condensation  

with ρ0 = 2670 kg/m3. Contour interval: 0.0075 m. 
 



As mentioned at the beginning, taking only a constant density for the topographical masses is only a 
rough approximation of the real density distribution. Therefore in test area I a laterally variable 
density model is derived from a geological map and additional geophysical information. The main 
density anomalies are big sedimental layers in the valley of the Rhine and the so-called Molasse 
basin (south-east) with a mean density of 2420 kg/m3 which differ from ρ0 of about 10%. 
Deriving density models from the information of geological maps, however, has to be acted with a 
little caution. They normally represent only the surface rock type and have no or only few 
information about the continuation with depth. Also the density of the same rock type can differ by 
a great amount. However in this paper the main intention is not to model the density distribution in 
an absolute correct way but to have a look on the influence on the indirect effect coming from 
different density models. For the same reason in test area II an analytical density model based on 
the isostatic model of Pratt-Hayford in spherical approximation is used. Here the density of the 
topographic masses as well as the compensation masses, which are not considered here, are laterally 
variable with respect to the topographical heights H(Ω). In spherical approximation of the geoid for 
the principle of mass conservation, the density is given by (e.g. Kuhn 2000a) 
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where ρ0 = 2670 kg/m3 is the mean crustal density for H = 0, and D = 100 km is the depth of 
compensation. Using this density model, the differences with respect to ρ0 can reach nearly 5% for 
the highest elevation in the Alps. Using these two density models the results for the indirect effects 
are similar to those illustrated in Figures 4 and 5, which is also shown by statistical values in Table 
2. 
 

        Test Area I       Test  Area II 
   [m] 1hN ρδ  2hN ρδ  1hN ρδ  2hN ρδ  
   Mean 0.381 0.034 0.030 0.034 
   Min -0.255 0.024 -0.662 0.024 
   Max 2.163 0.134 4.200 0.128 

 

Table 2:   Statistic of the indirect effect derived with the described density model. 
 
More interesting is to have a look on the differences occurring with respect to the constant density 
model. In Figures 6 and 7 the differences are illustrated for Helmert’s 1st and 2nd method of 
condensation within test area I. Once again the results for Helmert’s 1st method of condensation are 
much more smoother than the results for the second method of condensation. The correlation with 
topography already seen in Figures 4 and 5 is still remaining. The statistical values of these results 
are given in Table 3. 
 

                 Test Area I                  Test Area II 
   [m] 1

0

1 hh NN ρρ δδ −  2

0

2 hh NN ρρ δδ −  1

0

1 hh NN ρρ δδ −  2

0

2 hh NN ρρ δδ −  
 Mean -0.009 0.000 0.005 0.001 
   Min -0.116 -0.005 -0.114 0.000 
   Max 0.072 0.008 0.012 0.016 

 

Table 3:   Statistic of the differences in the indirect effect using different density models. 
 
The maximal differences of about ± 1 decimetre in Figure 6 occurring in the region of the highest 
mountains whereas they are always less than 1 centimetre in Figure 7. In Figure 6 it can be seen that 



the differences for Helmert’s 1st method of condensation are occurring nearly everywhere in the test 
area whereas they are nearly zero for great parts in the case of the 2nd method of condensation. Only 
in the region of the highest mountains they reach several millimetres. 
The differences for test area II are illustrated in Figures 8 and 9. Here, mainly the structure of the 
central Alps can be seen. The differences are reaching once again more than 1 decimetre for 
Helmert’s 1st method of condensation. In the case of Helmert’s 2nd method of condensation the 
maximal differences are only 16 mm (Table 3). 
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Fig. 6:   Difference  in test area I. Contour interval: 12.5 mm. 1
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Fig. 7:   Difference δ −  of in test area I. Contour interval: 0.5 mm. 2
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Fig. 8:   Difference δ −  in test area II. Contour interval: 12.5 mm. 1
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Fig. 9:   Difference δ −  in test area II. Contour interval: 2 mm. 2
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5.  DISCUSSION AND CONCLUSIONS 
 
It has been shown that a more sophisticated density model for the topographical masses instead of a 
constant density model is necessary for computing the indirect effect within Helmert’s models of 
condensation if an accuracy of one centimetre is to be obtained. The differences in the indirect 
effect occurring in high-mountain areas by using different density models can reach more than ± 1 
decimetre in the case of Helmert’s 1st method of condensation and more than ± 1 centimetre for 
Helmert’s 2nd method of condensation. Regarding only Helmert’s 2nd method of condensation, 
which is used in the Stokes-Helmert technique, for flat or moderate mountainous areas the choice of 



the density distribution is of minor importance in the view of a one centimetre accuracy. As it can 
be seen in Figures 7 and 9, for the major part of the two test areas a specific choice of the density 
model may be neglected and a constant density model is applicable. Only in regions of the highest 
mountains a more sophisticated density model has to be considered where the effects can reach 
more than one centimetre.  
The indirect effect itself, however, has to be taken into account for both methods. Regarding an 
accuracy of one decimetre or less the indirect effect for Helmert’s 2nd method of condensation has 
to be considered only in high-mountain regions. 
Making a comparison with other compensation models such as the isostatic models, the 1st method 
of condensation yields similar results as the isostatic model of Partt-Hayford (Kuhn 2000a, 2000b). 
The 2nd method of condensation however yields results that are not comparable with an other 
compensation model. 
As mentioned before, the development of a 3-D density model by using the information of 
geological maps is questionable, because they normally do not give all the necessary information 
with depth. For determining reliable lateral variable density values, it would be more appreciable to 
use the information of geology together with a gravimetric method such as the method of Nettleton 
(1939) or the method described in Parasnis (1962). 
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ABSTRACT
Simple spatial density model was implemented in the planar terrain correction (tc) approximation. The
methods of exact numerical integration and Fast Fourier Transform for the tc quadratic approximation
were redefined to include, besides height and surface density digital models, the subsurface horizon's
depth and density digital models as well. In accordance with this, the terrain correction was computed for
various resolutions of the digital models in the chosen area of the Republic of Croatia. The redefined
methods were compared with numerical integration and FFT methods in which only surface variable
density model was utilized. The relationship between the redefined spatial and spectral domain methods
was investigated, as well as their sensitivity to the chosen density model. The superior time efficiency of
the FFT was confirmed. It was shown that the terrain correction with proposed spatial density model
could be used in solving physical geodesy problems.

1. INTRODUCTION
Terrain correction (tc), the effect of topographic irregularities in respect to the Bouguer's plate, is
usually used in solving geodetic BVP, and in topographic reductions. In doing so, one can use
planar approximation of terrain correction, where density is usually assumed as constant and
representative for the test area, or given by the surface density digital model. How does the tc
planar approximation look like if the density is defined as a spatial function, ρ = ρ(x,y,z)? In
which way should the available geological information be utilized in that case? Some already
suggested answers (Brkić and Bašić, 1997), given in space domain, under spherical
approximation and discreet density change at subsurface discontinuities, have found practical
application (Čolić et al., 1996).

The goal of this work is to propose a tc formulation in which density is defined as a simple
spatial function.

2. TC PLANAR APPROXIMATION
The basic integral formula for the terrain correction in planar approximation is given by (see e.g.
Tziavos, 1993):
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where hP is the height of the station P, and h the height of topography (Fig 1).



Fig. 1. Tc planar approximation.

Terrain correction may be calculated by space or spectral domain methods, such as exact
numerical integration or Fast Fourier transform (see e.g. Schwarz et al., 1990), or their
combination (see e.g. Tziavos and Andritsanos, 1998). In this work the integral (2) is utilized for
the exact numerical integration NI1 method. Prism representation of irregular topographic
masses is assumed in the space domain.









++

+







−+++

−+++−=
++∫∫∫

2/1222

2/1222

2/1222
2/3222

)(

))(ln(

))(ln(
)(

zyxz
xyarctgz

z
xarctgz

zyxxy

zyxyxxdxdydz
zyx

z

 (2)

The planar approximation (1) can be integrated with respect to z, and expanded into series
(ibid.), which may result in the so-called 2D quadratic approximation formula:
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where s0
2 = (x-xP)2 + (y-yP)2, ∆h= h - hP, zP = zP (see Fig. 1). In practice, the series expansion

convergence criterion must be met (|∆h/s0|<1). This quadratic approximation formula is the
starting point for the spectral domain formulation. With the following notation:
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eq. 3 double integrals may be rewritten in convolution form:
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Using following notation of Fourier transformations:
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and since space domain convolutions are spectral domain multiplications, one can obtain 2D
quadratic approximation spectral domain formula (FFT2):

{ } { } { }[ ]
{ } { }

{ } { } { }








⋅+⋅−⋅

+⋅−⋅

−⋅+⋅−⋅=

5
4

5
3

52
2

5354

3
2

332

46

4
8
3

2
2
1),(

RDhRDHhRDHh

RDHhRDH
G

RDhRDHhRDHGyxtc

PPP

P

PPPP

1-1-1-

1-1-

1-1-1-

FFF
FF

FFF
(7)

Similarly to (Tziavos, 1993), in this work the FFT2 formula was numerically evaluated by
application of the 100% zero-padding technique, on both data and kernel functions,
simultaneously with the direct DFT computation of the kernel functions spectra. In this way the
singularity problems of kernel functions were overcome. Zero-padding is also known as superior
to window tapering in elimination of circular convolution errors. The above NI1 and FFT2
formulas are needed as a point of reference in numerical experiments.

3. SPATIAL DENSITY MODEL

Imagine the simplest case in which density changes in a linear manner between the surface and
some subsurface horizon:

ρ(x,y,z) = ρh(x,y) + b(x,y) (h-z), (8)

where ρh(x,y) denotes surface densities, b(x,y) vertical density gradient, and h topography height,
see Fig. 2.

Both density ρh(x,y) and its vertical gradient are generally different for each prism. Surface
densities ρh(x,y) are given in a form of a digital model. Vertical density gradient b(x,y) should in
practice be calculated with the help of digital models of horizon's depths and densities:
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In other words, vertical density gradient b(x,y) is a critical parameter in the spatial density model,
as well as in tc definition. Note that in the case when the horizon is very close to the earth's
surface, the gradient may destroy tc solution. This may be considered as a major limitation of the
proposed density model.



Fig. 2. Prism representation: surface variable
densities (left) and simple spatial density
model (right).

On the other hand, the proposed density model makes sense where linear variation of density in
respect to depth is evident. The horizon does not have to be a discontinuity in the Earth's interior,
but can simply be a set of measurements of depths and densities. Also, this formulation can be
used for aggregation of a few close and discreet layers into one with continuous density change
between the top of topography and the lowest horizon.

4. TC BY MEANS OF SPATIAL DENSITY MODEL

The planar approximation of terrain correction with presumed spatial density model (8) may be
written as
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Beside the integral (2), the space domain exact numerical integration (NI4) also requires the
following integral:

).)(ln(

)(2

)(2

)(2

2

22
3

)(

2/1222

2/1222

2

2/1222

2

2/1222

2

2

2

2/3222

2

zyxzxy

zyxx
yzarctgx

zyxy
xzarctgy

zyxz
xyarctgz

x
yarctgy

x
yarctgxxydxdydz

zyx
z

+++

+







++

−







++

−







++

+







−





+−=

++∫∫∫

(11)

z

hP

h

P

Q

geoid

P

Q

Bouguer's
plate

Earth's
surface

horizon



NI4 numerical integration demands the usage of integral (2) two times per prism, and once of
integral (11). This is the reason for significant decrease in time efficiency of space domain
terrain correction calculation.

In the same way as previously, the new tc formula (10) can be integrated, expanded into series,
and rewritten as 2D quadratic approximation formula:
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where ∆h = h - hP. In expansion of [1+(∆h/s0)2]1/2 the convergence condition is assumed to be
fulfilled. Note that the first term of tc expression is the previous eq. 3; the second term denotes
the contribution of the assumed simple spatial density model.
The only difference from the previous convolution formula is the last line:
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With the following Fourier transforms:
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and by application of the convolution theorem, the 2D quadratic approximation spectral domain
tc formula (FFT4) is as follows:
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This formula differs from the FFT2 in four direct and four inverse 2D Fourier transforms; a
considerable increase of computing effort is thus not expected.



In practical calculation of the FFT4 terrain correction, 100% zero-padding of heights, densities,
density gradients, their multiplications, and kernel functions is utilized, simultaneously with
direct DFT computation of the kernel functions spectra.

5. DATA

Test area of the Republic of Croatia, defined by y: 5601000-5690000 m and x: 5045000-
5120000 m, characterized with good reliability of input digital models, was chosen for
examination of tc formulations. NI1 and FFT2 methods for tc computation utilize digital terrain
model and surface density digital model. In addition, NI4 and FFT4 make use of digital depth
model of PT base of sediments and PT density digital model (Fig. 3 and Fig. 4). The PT refers to
Mesozoic's sediments that contain limestone, dolomite, sandstone and basite. Original digital
models were described in (Čolić et al., 1996) from which 0.5 and 1 km grid spacing digital
models were interpolated for the needs of the present work (Tab. 1 and Tab. 2). Since the
absolute accuracy of data was unknown, all the data was assumed as errorless, so all the tc
solutions are thus relative in nature.

∆ = 0.5 km
DM h

[m]
ρh

[gcm-3]
dPT

[m]
ρPT

[gcm-3]
mean  157.224  2.115 1948.047 2.415
rms ±170.994 ±2.121 ±2487.269 ±2.425
min.    93.000    1.980 -550.811 1.913
max.  831.000    2.800 6834.144 2.800

Table 1.  Statistics of 0.5 km input digital models.

∆ = 1 km
DM h

[m]
ρh

[gcm-3]
dPT

[m]
ρPT

[gcm-3]
mean   157.547     2.116 1950.426 2.416
rms ±171.709     ±2.121 ±2490.112 ±2.426
min.    94.000     1.980 -550.811 1.924
max.   816.000     2.800 6796.903 2.801

Table 2.  Statistics of 1 km input digital models.

Apparently we are dealing with geologically exciting and peculiar structures (see Fig. 5):
extreme negative values of vertical density gradient b originate in density drop on small depth
scales (which are about 50 m).

Previously shown tc formulations are implemented in TC_NI and TC_FFT Fortran programs,
based on TCSUMD and TCFFTDP programs, which were provided by kindness of Prof.
Tziavos.



Fig. 3. Digital terrain model.  Fig. 4. Surface density digital model.

Fig. 5. PT depths digital model. Fig. 6. PT density digital model.

Fig. 7. Vertical density gradient b [gcm-3km-1].
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6. NUMERICAL EXPERIMENTS

The first cycle of numerical experiments involved calculation of NI1 and FFT2 terrain
corrections, in subsequent comparisons used as a reference. Because of long duration of NI1 tc
calculation (approx. 4 months of dedicated CPU time on HP Vectra VL computer), the 0.1 km
grid spacing was not investigated.

Since the tc accuracy calculated with 0.5 km grid spacing has decreased by about 0.5 mgals in
respect to 0.1 km tc solution (Tziavos et al., 1988), the following comparisons should be
considered as relative, but indicative and, therefore sufficient for this purpose. While Tab. 3
shows basic NI1 and FFT2 tc statistics, Fig. 8 and Fig. 9 indicate strong correlation of tc solution
with the actual digital terrain model.

NI1 FFT2
∆ [km] ∆ [km]

tc
[mgal]

0.5 1.0 0.5 1.0
mean 0.111 0.094 0.100 0.083
rms ±0.324 ±0.276 ±0.282 ±0.231
st.dev. ±0.304 ±0.260 ±0.264 ±0.216
min. 0.001 0.001 0.001 0.001
max. 7.163 4.111 6.176 3.458

Table 3. Terrain correction by means of NI1 and FFT2 methods.

The second cycle of tc computations involved PT digital models. Since the 0.1 km tc
computation lasts for about 8 months, it was not feasible to exactly determine dependence of
accuracy to grid spacing. Both terrain correction statistics (Tab. 4) and Fig. 10 and Fig. 11
demonstrate results very close to the first cycle.

NI4 FFT4
∆ [km] ∆ [km]

tc
[mgal]

0.5 1.0 0.5 1.0
mean 0.111 0.093 0.100 0.082
rms ±0.323 ±0.275 ±0.282 ±0.231
st.dev. ±0.304 ±0.259 ±0.263 ±0.215
min. 0.001 0.001 0.001 0.001
max. 7.163 4.111 6.157 3.435

Table 4. Terrain correction by means of NI4 and FFT4 methods.



Fig. 8. NI1 terrain correction [mgal]. Fig. 9. FFT2 terrain correction [mgal].

Fig. 10. NI4 terrain correction [mgal]. Fig. 11. FFT4 terrain correction [mgal].

Differences between surface and spatial density formulations are given in Tab. 5 and Fig. 12
and 13. These differences are correlated with actual digital heights and density models. It is
evident from statistics and figures, that the differences show larger sensitivity of numerical
integration method to inclusion of horizon's data.

The shape of the vertical density gradient b is clearly recognized on Fig. 12. Despite very small
rms and mean differences, the effect of spatial density model may reach 0.5 mgals, so it is
worthwhile to emphasize the importance of reliability of input digital models.

NI4 - NI1 FFT4 - FFT2
∆ [km] ∆ [km]

tc
[mgal]

0.5 1.0 0.5 1.0
mean   -0.001   -0.001 0.000 0.000
rms    ±0.009    ±0.009 ±0.001 ±0.001
st.dev. ±0.009 ±0.009 ±0.001 ±0.001
min.   -0.384   -0.362 -0.078 -0.034
max. 0.476    0.128 0.021 0.005

Table 5. Terrain corrections difference.



Fig. 12. NI4-NI1 tc difference [mgal]. Fig. 13. FFT4-FFT2 tc difference [mgal].

Differences between two domains are given in Tab. 6. Fig. 14 shows a different sensitivity of
NI1 and FFT2 methods to inclusion of surface density model. This difference is still strongly
correlated to digital terrain model. The effect of the addition of PT digital models is pointed out
in Fig. 15.

FFT2 - NI1 FFT4 - NI4
∆ [km] ∆ [km]

tc
[mgal]

0.5 1.0 0.5 1.0
mean -0.011 -0.011 -0.011   -0.011
rms ±0.044 ±0.047 ±0.047    ±0.049
st.dev. ±0.043 ±0.046 ±0.045 ±0.048
min. -0.987 -0.713 -1.006   -0.730
max. 0.093 0.069 0.432    0.410

Table 6. Terrain corrections difference.

Fig. 14. FFT2-NI1 tc difference [mgal]. Fig. 15. FFT4-NI4 tc difference [mgal].
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7. CONCLUSION

The main objective of this work was to take account of spatial density model in terrain correction
formulation. The proposed simple linear density function was implemented into terrain
correction space and frequency domain definition. The contribution of the proposed spatial
density model in NI4 and FFT4 terrain correction was estimated by comparison to NI1 and FFT2
tc with surface non-constant densities. The NI4-NI1 differences can be considerable, and are
much stronger correlated to vertical density gradient b than FFT4-FFT2 tc differences. Since
both rms discrepancies are insignificant, all methods can be equally applied in solving of
geodetic BVP problems.

The next objective was to examine the relationship between space and frequency domain
methods. Naturally, the discrepancy between FFT and NI methods is smaller if the smallest grid
spacing is used. Although FFT4-NI4 extreme differences can be significant, the use of FFT4 as
an alternative to NI4 is acceptable, since the rms accuracy is under 0.5 mgal. FFT4 better time
efficiency contributes to this point.

The use of the proposed NI4 and FFT4 methods seems proper if the presumed density model is
geologically correct and digital models are reliable. Unrealistic data, numerical instabilities of
the proposed spatial density model (in case of surface and horizon closeness), and inconsistency
of digital models, can result in falsely high values and changes of vertical density gradient,
whose structure can be followed in tc solutions and comparisons. This is especially obvious in
the space domain method: NI4 is more sensitive to actual density model formulation than FFT4.
Moreover, it can be shown that in respect to the DM corruption with random errors, NI4 method
may give unrealistically high or even completely destroyed tc solutions.

Taking into account the computing time efficiency, let us point out the substantial effort in
application of NI4 method. The exact numerical integration NI4 lasted 0.68 h and 9.67 h, for 1
and 0.5 km grid spacing and our test area respectively, on HP Vectra VL PC. This was roughly
twice as long as in the case of the NI1 method. Exactly because of NI4 method inefficiency it
was impossible to estimate tc for those grid spacing from which one can expect more accurate
solutions. On the other hand, considerable timesavings arise from the use of FFT4 method:
computations last only 4.56 and 23.99 seconds, which confirms the superior time efficiency of
spectral methods.
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University of Thessaloniki for providing us essential software as well as useful references.
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AIRBORNE GRAVITY SURVEY OF GREENLAND'S CONTINEN-
TAL SHELF

A.V. Olesen, R. Forsberg and K. Keller
KMS, National Survey and Cadastre, Rentemestervej 8, DK-2400 Copenhagen, Denmark

ABSTRACT.
During four field campaigns in 1998, 1999, 2000 and 2001 National Survey and
Cadastre - Denmark (KMS) has done airborne gravity measurements along the
coast of Greenland, from 59 to 85 degrees north and 75 degrees west to 0 degree,
covering the continental shelf. The aim has been to bridge the gap between the
existing terrestrial data and gravity derived from satellite altimetry in the open
ocean. In the northern part with permanent ice cover almost no gravity information
existed before these measurements.
  The gravity system consisted of a LaCoste & Romberg S gravimeter updated to
airborne use, multiple GPS receivers, a laser altimeter and a low cost IMU unit. The
system was installed in a Twin-Otter aircraft equipped with autopilot and additional
fuel tank.
  Flight conditions were generally good and a high accuracy has been obtained in
the processing of the data. Crossover analysis and independent comparisons to
shipborne and ice surface gravity measurements indicate a noise level around 2
mGal at 6 km resolution. Our results show that with careful processing the need for
crossover adjustment of airborne gravity measurements can be eliminated.
  The paper outlines the survey, processing methods, evaluation of results and the
impact of the new data on gravimetric geoid models in the coastal region. Our
measurements represent a contribution to the "Arctic Gravity Project", an
international effort to compile a grid of all available and releasable gravity data for
the Arctic region, in support a.o. of the upcoming satellite gravity field missions.

1. INTRODUCTION

The US Naval Research Laboratory pioneered large-scale airborne gravity surveys a decade
ago, see Brozena (1991). The development in the quality of airborne gravimetry in recent
years is closely linked to the better performance of the Global Positioning System. Today
airborne gravimetry is a truly operational tool for gravity mapping and geoid determination,
see Forsberg et al. (1996).

Airborne gravimetry is a fast, viable and economic method for gravity mapping. Some of
the biggest advantages are the uniform and seamless coverage of land and sea, and the
ability to cover remote and otherwise inaccessible areas. Also the bias free behaviour of



airborne gravity data obtained by spring type gravimeters is an important point for geodetic
applications, see Olesen et al (2000).

2. BACKGROUND OF THE AIRBORNE GRAVITY SURVEYS

A number of airborne gravimetry campaigns have been done on a regular basis since 1998,
covering the coastal region of Greenland, Svalbard and vicinity, and the Baltic Sea. All
operations have been done with the same airplane, a DHC-6 Twin-Otter, a general-purpose
charter airplane of Greenlandair, Nuuk. The measurements have all been low and slow,
mostly flown at 500 ft above sea level at 130 knots airspeed, giving high-resolution

measurements with essentially no
need for analytical downward
continuation.

The measurements around
Greenland were performed during
four field campaigns in 1998,
1999, 2000 and 2001. The
purpose of the surveys has been
to complement the existing on-
shore gravity coverage, mainly
established by KMS by
helicopter-based conventional
gravimetry in the years 1991-97.
The airborne surveys cover a
relatively narrow band along the
coast of Greenland, see Figure 1.
The surveys were dedicated to
provide gravity data bridging
across the inner continental shelf
areas, where data from satellite
altimetry are less reliable than in
the open sea. In North and North-
East Greenland wider shelf areas
have been surveyed (Forsberg et
al., 1999); these are regions north
of the coverage of the ERS radar
altimetry, or areas covered by
near-permanent sea-ice. The

Fig. 1. Ground tracks for the Greenland surveys.
Additional tracks around Svalbard flown in
cooperation with Statens Kartverk, Univ. of
Bergen and a Norwegian oil company are also
shown.



airborne gravity surveys contribute to an ongoing effort to map the gravity and geoid of the
entire Arctic region ("Arctic Gravity Project", cf. www.nima.mil/gandg/agp). The US
National Imagery and Mapping Agency, NIMA, provided economic support for the
Greenland surveys.

Use of the free space in the aircraft, allowed us to make joint side-by-side flight test in
1998 with a strapdown inertial gravity system from University of Calgary/Intermap
(Glennie et al., 2000).

The overall dimensions of the survey are 3000 km from south to north and a total of
50,000 line kilometres of filtered data. The total flown distance is somewhat larger,
approximately 65,000 kilometres. In most areas the line spacing is 10 nautical miles.

3. THE KMS AEROGRAVIMETRY SETUP

The KMS airborne gravimetry system is based on a ZLS-modified LaCoste and Romberg
gravimeter (S-99, owned by University of Bergen), where the basic corrections for non-

gravitational and Eötvös effects is
provided by kinematic long-range
carrier-phase GPS positioning. The S-
99 gravimeter has proven as an
extremely stable and reliable field
instrument, with typical bias drifts less
than 1 mGal per week, thus making this
type of system especially useful for
geoid determination in previously
unsurveyed areas.

The KMS gravimeter assembly is
heritage from the AGMASCO project
(Forsberg et al, 1996). The aircraft
power converter and system control are
in the KMS system mounted in a single
rack, together with GPS units and a data
logger. Numerous GPS receivers are
usually flown (Ashtech, Trimble and
Javad makes), fed by beam-splitters on
two antennas (forward and aft). A
custom-made inertial measurement unit,
consisting of 3 Litef fibre-optics gyros
and 3 Schaewitz accelerometers,

Fig. 2. Internal view of aircraft installation
looking forward in cabin. Ferry tank to the left,
LCR gravimeter to the right, and electronics
rack in background.



provide aircraft attitude. The rack system and IMU have been custom-built by a small
Danish engineering company (Greenwood Engineering). Since 2000 a medium grade
integrated INS/GPS system (Honeywell H764G) has been flown as well, with the aim to
provide improved attitude as well as gravity recovery redundancy. A single person operates
the system in-flight, and a field crew of 2 to 3 geodesists makes for small and efficient
survey operations.

For ocean ice sheet applications an Optech laser altimeter is used to map surface heights,
whenever conditions permit (low fog is frequent in the arctic). Over the ocean the laser may
be used as an independent source of vertical acceleration estimates, with a fit to GPS
accelerations after filtering typically better than 1 mGal r.m.s. (Olesen et al., 1997).

4. GPS PROCESSING

To obtain acceleration estimates suitable for airborne gravimetry the relative position
accuracy must be at the centimeter level, whereas the requirements for absolute positioning
are more relaxed, and is determined by the free air gradient (0.3086 mGal/m). 0.5 m will be
satisfactory for most applications. Normally this is obtained routinely with careful use of
commercial GPS processing software for baselines up to several hundred kilometers.

Occasionally the GPS receiver may lose lock on the GPS carrier wave, e.g. due to
ionospheric scintillation, multipath or satellite constellation changes and artificial jumps
can be introduced in the position estimates. It is of crucial importance to identify such
jumps and remove the effects on the resulting gravity. Due to the dynamics of the flight it is
not possible to identify the jumps directly in the raw position estimates, but fortunately
analysis of the high frequency part of the unfiltered gravity signal has proven to be a
valuable help in the search for cycle-slip induced position jumps. The INS unit provides a
similar possibility for finding GPS errors.

During 1999 and especially 2000 and 2001 the sunspot activity was quite high causing
periods with unsettled ionosphere. Now and then we have had problems tracking the GPS
signal, especially the L2 frequency, but it has been a minor problem causing only a few
percent data loss.

5. NON-LINEAR GRAVITY SENSOR RESPONSE

Optimal modeling of the sensor response is of crucial importance in airborne gravimetry,
due to the extremely high noise level. The gravimeter response to vertical accelerations was
analyzed, with special attention on possible non-linearity. Figure 3 below shows the
observed calibration factor for the gravimeter as a function of beam velocity and position.



This so-called k-factor relates beam velocity with unbalanced forces acting on the beam and
is normally assumed to be a constant, see Valiant (1991).

The introduction of a non-constant k-factor improves the modeling of the sensor response
compared to a constant k-factor, and thereby reduces the noise signal left in the unfiltered
gravimeter output. It is especially important to reduce the noise induced by the aircraft
phugoid motion, since the spectral content of this noise overlaps with the gravity signal. An
improved sensor modeling allows a shorter final low-pass filter to be applied and thereby
enhances the resolution of the system.

Calibration factors for the platform horizontal accelerometers have been determined by a
FFT technique, based on the frequency dependent behaviour of the platform, see LaCoste
(1967) and Olesen et al (1997).

6. GRAVITY DATA REDUCTION

A proper synchronization of the involved data streams is obviously important. Both the
gravimeter and GPS have a high frequency signal in common, the vertical acceleration of
the aircraft. This signal is used to synchronize the data by cross correlation, see Olesen et al
(1997).

The gravity sensor is mounted on a 2-axis gimbaled platform. The platform is kept
horizontal by torque motors. A feedback loop with two horizontal accelerometers and two
gyros gives the input signal to the torque motors. The gyros control the short-term
behaviour of the platform, while the horizontal accelerometers control the long-term level.
In the absence of horizontal accelerations the platform is driven so that the accelerometer
outputs are zero. That is the condition for the platform to be orthogonal to the gravity vector
and gyro drift is automatically compensated. Details of the operation principle of the LCR
gravimeter can be found in Valiant (1991).
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Fig. 3. Observed non-linearity of beam response



The LaCoste & Romberg meter uses a combination of two internal measurements -
spring tension and beam velocity - to obtain the relative gravity variations. The basic
gravimeter observation equation for relative gravity y is of the form

CBksTy +′+=                                                          (1)

where T is spring tension, s the scale factor, B´ the velocity of the heavily damped beam
and the factor k the beam velocity/acceleration scale. A beam-type gravimeter like the S-
meter is sensitive to horizontal accelerations even when the platform is leveled, and a cross-
coupling correction C is computed in real time by the gravimeter control computer.

Free-air gravity anomalies at aircraft level are (omitting second order terms) obtained by

( )
h
γNhγgδgδghyyg tilteotvos ∂

∂
−−−+++′′−−= 000∆                          (2)

where h´´ is the GPS vertical acceleration, δgeotvos the Eötvös correction (computed by the
formulas of Harlan, 1968), 0y  the base reading, 0g  the apron gravity value, 0γ  normal
gravity, h the GPS ellipsoidal height and N the geoid undulation (EGM96 used throughout).
The platform off-level correction δgtilt is expressed as

yaaAAyδg yxyxtilt −−−++= 22222                                        (3)

where a and A denotes horizontal kinematic aircraft accelerations and horizontal specific
forces measured by the platform accelerometers, respectively.

7. FILTERING

Low pass filtering plays a fundamental role in airborne gravity processing. The objective of
the filtering is both to account for the difference in inherent filtering from the data
acquisition, and to remove the high frequency part of the gravity signal. The gravimeter
data acquisition system uses a 1 sec. boxcar filter on 200 Hz data, whereas the inherent
filtering of the accelerations derived from GPS positions depends on the GPS processing
software, and the algorithm applied for differentiation. This difference in filtering has no
impact on the linear terms in the processing (the vertical GPS accelerations and the output
from the vertical gravimeter sensor) due to the heavy final filtering, but may have a big
influence on the nonlinear terms (mainly squared horizontal accelerations derived from
GPS and the platform horizontal accelerometers). A short initial filtering, approximately 3
seconds, seems to mask this difference in inherent filtering. An improper initial filtering



may introduce biases into the resulting gravity anomalies and thereby degrade the
usefulness of the data set for geodetic purposes.

Air turbulence causes accelerations that often reach hundred thousand mGal, while we
are looking for gravity anomalies of magnitude a few mGal. The low signal to noise ratio
mainly affects the short wavelengths, therefore low pass filtering allows recovery of a
useful signal. The filter design ultimately boils down to a trade-off between resolution and
measurement accuracy.

The final filter applied to the actual gravity data is a multistage Butterworth filter with a
half power point at 200 seconds, see figure 4. With an aircraft speed of 60 m/sec this filter
gives a 12 km full Fourier wavelength resolution. It is common practice to use the half
wavelength as a definition of resolution; in this case the resolution is 6 km.

8. DATA VALIDATION

 The resulting free air anomalies for North-East Greenland shelf area are shown in Figure 5
as a contour plot. It illustrates the roughness of the gravity field around Greenland. The
final processed data set comprised 479 crossovers and an analysis of the differences in the
crossing points is shown in Table 1. The RMS difference of 2.8 mGal indicates a noise

Unit: mGal no of crossings RMS difference max. difference
1998, 1999, 2000 and 2001 479 2.8 9.4
1998 subset 84 2.6 6.0
1999 subset 77 2.8 8.4
2000 subset 97 2.7 8.9
2001 subset 64 2.4 6.8
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Fig. 4. Normalized convolution filter (left) and transfer function (right)



   Table 1. Crossover statistics

level around 2 mGal (2.8 divided by square root 2), when the noise is assumed uncorrelated
from track to track. It should be emphasized that no bias or tilt adjustment has been applied
to the track data to obtain these numbers, as experience has shown that such an adjustment
may actually degrade the data (in spite of improvements in RMS crossover statistics, cf.
Forsberg et al., 1999). Any crossover adjustment will by nature distribute point errors at
crossing points into along-track corrections, and thus provide a way for short-period errors
to leak into longer wavelengths. For proper processed aerogravity data obtained with a
nearly drift-free gravimeter, there is no physical justification to apply such a crossover
adjustment. The crossover results for the 1998, 1999, 2000 and 2001 subsets of the data

show the same constant noise level
for the four years, which indicates
that 2 mGal noise level can be
anticipated also for future work
under similar not very favorable
conditions, that is: long baselines
for DGPS, unsettled ionosphere and
a pretty rough gravity field.

For independent quality control
the gravity values at existing
surface data points were predicted
from the airborne data, using a
weighted-mean algorithm.
Comparisons were only made for
data points within 2 km from the
airborne tracks. No downward
continuation algorithms were
applied to the airborne data due to
the low flight altitude. Table 2
shows comparisons to Canadian
gravity data collected on the sea ice
in Lincoln Sea and to recent high
quality marine data distributed
along most of the east and west
coast. The standard deviation for
both comparisons is in a nice
agreement with the error estimate
from the cross over analysis, taking

Figure 5. Free air anomalies of NE-Greenland
shelf area, illustrating the roughness of the field.
10 mGal contour interval.



into account that the surface data as well as the prediction algorithm contribute to the noise.
Also the table shows that the airborne data has little or no bias error. The data are therefore
very suitable for geoid determination, where biases have an especially large impact, due to
the inherent low-pass filtering nature of geoid determination.

   Table 2. Comparison to surface data within 2 km from airborne tracks

9. IMPACT ON GEOID MODELLING

The geoid is determined from the airborne data by conventional methods of physical
geodesy. With gravity errors at 2 mGal, typical relative geoid errors are at the 20-30 cm
level for 18 kilometers (10 nautical miles) track spacing, as based on collocation error
studies (Forsberg et al., 2000). To illustrate the impact of the new data on geoid models, a
new geoid incorporating the airborne data was compared with the previous best geoid,
computed by exact the same methods.

A traditional remove-restore technique was used for the computations, with the geoid
signal constructed by subdividing it into three parts

321 NNNN ++=                                                                        (4)

where the first part comes from a spherical harmonic expansion complete to degree and
order 360 (EGM96), the second part from the topography, and the third part from residual
gravity (i.e., gravity anomalies minus the global field model and gravimetric terrain
effects). Terrain effects have been removed in a consistent "RTM" terrain data reduction
scheme using rectangular prisms as basic integration element. Residual gravity anomalies
are converted into residual height anomalies by spherical FFT (Strang van Hees, 1990). The
method in principle evaluates Stokes' integral

∫∫∆=
σ

ψψ
πγ

dSgRN )(
4 33                                                         (5)

through  a series of band wise two-dimensional FFT operations of form

Unit: mGal max. dist. no of points max. diff. mean diff. stdv
2 km 2417 15.1 0.1 2.9KANUMAS

marine data 1 km 1178 13.7 0.1 2.7
2 km 27 2.6 0.6 1.4

Canadian ice data
1 km 12 2.2 0.4 1.3



)]sin()([]sin),([),( 1
33 ϕϕλϕλϕ gFSFFgSN refref ∆=∆∗∆∆= −                     (6)

where Sref  is a modified Stokes' kernel function, and * and F the two-dimensional
convolution and Fourier transform, respectively, for details see Forsberg and Siderius
(1993). In the actual implementation of the method, the data are gridded by least-square
collocation, and a zero-padding is used to limit the periodicity errors of the FFT.

Figure 6 shows the difference between the geoid models in the northern part of
Greenland, where little data were available before the airborne measurements, causing the
old geoid to be essentially identical to EGM96. Some major differences up to 2 meters are
seen, illustrating the need for new data in this area to improve global models (e.g. EGM96).

10. CONCLUSION

The KMS airborne gravity system based on a LaCoste and Romberg S gravimeter and a
Twin-Otter has proven to be a reliable tool for regional gravity mapping even under
difficult logistic and operational conditions. It showed 2 mGal accuracy at 6 km resolution,
and it should be noticed that this performance is obtained in an area with quite steep
gradients in the gravity field. This performance was obtained repeatedly during four
consecutive years with periods of unsettled ionosphere.

A careful calibration of the gravimeter on in-flight data, together with modeling of non-
linearity in the sensor response resulted in a data quality in terms of accuracy and resolution

Fig. 6. Geoid differences in North Greenland



that is suitable for geodetic use. Especially the bias free properties of the resulting gravity
data is an important point for geodetic applications, e.g. for geoid determination.
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ABSTRACT 
The eastern part of the Mediterranean sea, where many geoid solutions exist, is very interesting from the 
geophysical and geodynamic points of view since it is the place where the Eurasian plate overthrusts the subducting 
African one. In this study, a new high-resolution multi-satellite (GEOSAT-GM, ERS1-GM, T/P) altimetric geoid is 
computed and validated, and then combined with shipborne gravity data to obtain the final model. For the low 
frequency part of the gravity spectrum, we used and compared the results of two geopotential models, EGM96 and 
GPM98b, complete to degree and order 360 and 1800, respectively. The solutions are compared with T/P data as 
control points, and with the existing GEOMED solution. We focus on the use of the Multiple Input Multiple Output 
System Theory  (MIMOST) method for the efficient and optimal combination of the heterogeneous data, in which 
special emphasis is paid to the prediction error estimates. This study is part of a general one aiming at the 
computation of a high-resolution, high-accuracy geoid for the entire region using altimetry, marine, and land 
gravity data. 
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1. INTRODUCTION 

The Mediterranean Sea has been the spotlight of many geoid computations in the recent years due to its 
geophysical and geodynamical characteristics. With the advent of altimetry, it became a natural 
laboratory for geoid and Sea Surface Topography (SST) determinations. In the past ten years, many 
studies have been conducted, aiming to determine a high-accuracy and high-resolution geoid. Among 
the many studies, we mention the GEOMED Project, Arabelos and Tziavos (1996), Tziavos et al. 
(1998), Andritsanos et al. (2000b), Vergos (2000), among others. Our study is focused on the Eastern 
part of the Mediterranean Sea (31.5o≤φ≤36.5o and 27.5o≤λ≤35.5o) close to the island of Cyprus and the 
Middle East coastline. Recent analysis of geodetic data, collected in the past two decades, indicate that 
the eastern part of the Mediterranean Sea has one of the region’s largest horizontal motions with respect 
to a stable Europe (Smith et al., 1994; Le Pichon et al., 1995). 

The marine gravity data for the area under study are characterised by their insufficient accuracy. This 
study aims, using a remove-restore method, at the determination of a high-accuracy and high-resolution 
geoid by combining all available data sources. Furthermore, we want to investigate whether the 
combined use of satellite altimetry and shipborne gravity data will improve the geoid modelling 
compared to the gravimetric geoid only. 

Altimetric Sea Surface Heights (SSHs) from the GEOSAT and ERS1 Geodetic Missions (GMs) are 
used for the computation of the altimetric geoid solution. The land and marine free air gravity 
anomalies used in this study come from the Bureau Gravimétrique International (BGI, 2000) database. 



The gravimetric geoid was computed by the 1D-FFT Stokes convolution (Haagmans et al., 1993; 
Sideris and She, 1995) using the available free-air gravity anomalies. Shipborne gravity and altimetry 
data are used for determining a high-resolution (5 5′×′ ) and high accuracy geoid by optimally combining 
them with the Multiple Input Multiple Output System Theory (Bendat and Piersol, 1986; Sideris, 1996; 
Andritsanos et al., 2000a). The above three solutions were referenced to two geopotential models, 
namely EGM96 (Lemoine et al., 1996), complete to degree and order 360, and GPM98 (Wenzel, 1998), 
complete to degree and order 1800. As control points and for the validation of our solutions 
TOPEX/POSEIDON (T/P) SSHs from the 3rd year of the satellite’s mission were used. The 3rd year of 
the T/P mission was selected so that a common observation period between satellites (T/P and ERS1) 
would be available. 

 

2. ALTIMETRIC GEOID 

With the advent of space geodesy and especially during the last fifteen years, satellite altimetry 
provided the first extensive, long-term and accurate measurement of the Earth’s oceans. Satellite 
altimetry proved to be an accurate and economical, compared to shipborne gravimetry, method to model 
the oceans and determine the gravity field over large water areas. The geodetic missions of GEOSAT 
and ERS1 altimetric satellites provide a vast amount of data with resolutions of 2-4km at the equator  
(Smith et al., 1994). These data cover the Earth’s oceans densely and offer precise information due to 
the accurate models used for the geophysical and instrumental corrections and the modeling of the 
satellite orbit. Thus, it is possible to compute a marine geoid with an accuracy close to a few 
centimeters. The altimetric data sets used in this study were GEOSAT-GM newly realized SSHs 
referred to JGM-3 (Joint Gravity Model 3) orbits provided by NOAA (1997). The observation period of 
this data set was from March 30th, 1985 to September 30th, 1986. Additional altimetric data were those 
of the mapping phase of ERS1-GM SSHs from AVISO (1998). The observation period of these 
altimetric data extends from April 10th, 1994 to March 21st, 1995. Finally, the 3rd year of T/P SSHs 
distributed by AVISO (1998) were used. The period of observation of this last data set was from 
October 16th, 1994 to October 8th, 1995. Due to the limited test area the validation tests were first 
carried out in a larger area (30o≤φ≤48o and 0o≤λ≤40o) in order to compute representative outcomes.  

 

2.1 VALIDATION OF GEOSAT-GM DATA AND GEOID SOLUTION 

The GEOSAT-GM SSHs were provided to us in the usual Geophysical Data Record (GDR) format, so a 
first preprocessing step to correct the SSHs due to the geophysical and instrumental errors, was needed. 
The models and methods used for the aforementioned corrections are the same as those described in the 
GEOSAT-GM handbook (1997). In the present study, the signal of the quasi-stationary part of the 
Dynamic Ocean Topography (DOT) was not taken into account due to the lack of external information 
about it. Thus, we assumed that the corrected SSHs (174546 point values) can be considered as geoid 
heights (N). GEOSAT-GM data cover not only sea but some continental areas as well, hence the first 
test had to deal with the removal of these data. It is well-known that satellite altimetry SSHs give some 
erroneous values close to the coastline due to the scattering of the radar altimeter pulse from the shallow 
sea bottom; for that reason, data close to the coastline were removed, as well. A 1′×1′ bathymetric 
model for the Mediterranean Sea was used (Sandwell, 1996) and an interpolation of depth values was 
carried out at the points where SSHs from GEOSAT-GM were available. Then, data points with depths 



greater than –200m were neglected (see Table 1). According to this test, 25855 point values (14.82%) 
were finally removed (see Table 1).  

 
max min mean std 

240.151 -286.336 29.553 ±13.323 

240.151 -286.336 28.858 ±13.428 

Table 1. GEOSAT-GM data before and after the bathymetry test. Unit: [m]. 

From Table 1, even after the bathymetry test, some extreme minimum and maximum values are still 
evident, thus indicating the presence of outliers. After the bathymetry test the long wavelength part of 
the geoid heights was removed by subtracting the contribution of EGM96 (Lemoine et al., 1996) and 
GPM98b (Wenzel, 1998) geopotential models from the SSHs. The statistics of the so derived residual 
geoid heights (Nres) are summarized in Table 2.  

 
(a) 
 

 
(b) 

Figure 1. GEOSAT-GM data distribution before (a) and after  (b) the bathymetry test. 



 max min mean std 

Nres (EGM96) 212.341 -324.884 -0.473 ±2.737 

Nres (GPM98b) 212.823 -324.557 -0.502 ±2.648 

Table 2. GEOSAT-GM residual undulations. Unit: [m] 

The residual geoid heights in Table 2 indicate a number of unexpected values. This is due to the 
presence of blunders and/or systematic errors. In order to remove these large values, an additional 3rms 
test for blunder detection was performed for the entire Mediterranean Sea. This resulted in the removal 
of 1926 residual geoid heights (1.3%) in the case of EGM96 and 1379 residual geoid heights (0.93%) in 
the case of GPM98b. To summarize, during the two validation tests (bathymetry and 3rms) 27781 
GEOSAT-GM geoid heights (15.9%) reduced to EGM96 geopotential model and 27324 geoid heights 
(15.6%) reduced to GPM98b were eliminated. The remaining residual geoid heights in the area under 
study (30o≤φ≤38o and 27o≤λ≤36o) are 24563 and 24621 referenced to EGM96 and GPM98b fields, 
respectively. The statistics of these residual geoid heights in the test area are given in Table 3. 

 max min mean std 

Nres (EGM96) 1.482 -1.490 -0.337 ±0.321 

Nres (GPM98b) 1.527 -1.816 -0.764 ±0.265 

Table 3. GEOSAT-GM residual undulations in the area under study, after the 3rms test. Unit: [m] 

Comparing Tables 2 and 3, a refinement of the GEOSAT residual geoid heights in terms of 
minimum, maximum and standard deviation values is obvious. To these residual geoid heights, a bias 
and tilt crossover adjustment was applied for the minimization of the orbital errors. Comparing the 
residual geoid heights before and after the adjustment, insignificant improvement, for the case of 
EGM96, and slight deterioration, for the case of GPM98, in terms of the standard deviation and the 
mean value of the differences were detected. This can be mainly attributed to the improved and high 
accuracy orbits used for the present release of the GEOSAT-GM GDRs (JGM3). We believe that this is 
a good indication that the remaining radial orbit errors in the GEOSAT-GM data are very small and a 
crossover adjustment is not needed to reduce it. On the other hand, crossover adjustment can be very 
useful in reducing the influence of oceanic phenomena contaminating geodetic mission data, especially 
in regions with high sea surface variability (SSV) located in purely oceanic regions and not in a closed 
sea area like the Mediterranean Sea. For these reasons, the residual geoid heights after the 3rms test and 
before adjustment were used for the subsequent geoid determination. In the next step the point residual 
geoid heights were interpolated onto a 5′×5′ grid. Then, as a final step of the GEOSAT-GM data 
processing, the contribution of EGM96 and GPM98b geopotential models to the residual geoid heights 
was restored and the final geoid height solutions of GEOSAT-GM altimetry data were calculated (see 
Table 4).  

 max min mean std 

N (EGM96) 37.977 0.669 18.263 ±8.443 

N (GPM98b) 37.873 0.671 18.477 ±8.383 

Table 4. The final geoid solution from GEOSAT-GM altimetry data. Unit: [m] 



2.2 VALIDATION OF ERS1-GM DATA AND GEOID SOLUTION 

The preprocessing step for the ERS1-GM SSHs included, as with the case of GEOSAT-GM, the 
correction of the data due to the geophysical and instrumental errors according to the models and 
methods described in AVISO handbook (AVISO, 1998). The total number of corrected ERS1-GM 
SSHs available for the Mediterranean Sea was 105105 point values. Then the contribution of the 
EGM96 and GPM98b geopotential models was removed from the corrected SSHs. The statistics of the 
derived residual geoid heights are shown in Table 5.  
 

 max min mean std 

Nres (EGM96) 1.572 -2.062 -0.223 ±0.347 

Nres (GPM98b) 2.832 -1.816 -0.216 ±0.467 

Table 5. ERS1-GM residual undulations. Unit: [m] 

 

Figure 2. The final geoid solution from GEOSAT-GM to GPM98 reference filed. 

In a further step, and in order to detect the presence of blunders, a 3rms test was applied to the 
residual geoid heights during which 866 (0.0087%) for EGM96 and 35 (0.00033%) point residual geoid 
heights were removed. The statistical results of this numerical test for the area under study are 
summarized in Table 6. As in the case of GEOSAT-GM Nres, a crossover adjustment was applied with 
the same results as the ones discussed before. 

 

 max min mean std 

Nres (EGM96) 1.098 -1.181 -0.264 ±0.315 

Nres (GPM98b) 1.014 -1.436 -0.653 ±0.253 

Table 6. ERS1-GM residual undulations in the area under study, after the 3rms test. Unit: [m] 



The data after the 3rms test were then used for the prediction on a 5′×5′ grid. The contribution of the 
geopotential models was restored in these gridded residual geoid heights. The statistics of the final 
ERS1-GM geoid height solutions are given in Table 7. The final altimetric geoid solutions are depicted 
in Figure 3. 

 max min mean std 

N (EGM96) 37.717 0.669 18.263 ±8.443 

N (GPM98b) 37.958 0.712 18.594 ±8.417 

Table 7. The final geoid solution from ERS1-GM altimetry data. Unit: [m] 

 

Figure 3. The final geoid solution from ERS1-GM to GPM98 reference field. 
 

3. GRAVIMETRIC GEOID 

The gravity data used were sea and land free-air gravity anomalies in the area under study. 18618 
marine free-air gravity anomalies and 724 land free-air gravity anomalies, for the island of Cyprus, were 
used (BGI, 2000). The statistics of this dataset are reported in Table 8 and the data distribution is 
depicted in Fig. 4. 

 max min mean std 

∆g 140.000 -239.000 -63.595 ±58.105 

Table 8. Statistics of gravity data. Unit: [mGal] 



 

Figure 4. Distribution of gravity data in the area under study. 

All these gravity data values were first reduced to EGM96 and GPM98b reference surfaces (Table 9). 
Then these residual gravity anomalies were gridded on a 5′×5′ grid and the computation of the residual 
geoid heights was carried out by applying the 1-D FFT spherical Stokes convolution (Haagmans et al., 
1993; Sideris and She, 1995):  
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Where Ngr is the gravimetric geoid height, R is the mean earth radius, γ is the normal gravity, ∆g 
denotes gravity anomaly, and S(ψ) is Stokes’ function. The statistics of these residual geoid heights are 
reported in Table 10. 

 max min mean std 

Nres (EGM96) 160.552 -113.760 -8.887 ±18.430 

Nres (GPM98b) 158.032 -93.616 -8.240 ±11.033 
 

Table 9. Statistics of reduced gravity anomalies to EGM96 and GPM98b reference fields. Unit: [mGal] 

 max min mean std 

Nres (EGM96) -0.865 -4.001 -2.469 ±0.521 

Nres (GPM98b) -0.848 -3.127 -2.210 ±0.445 

Table 10. Statistics of residual gravimetric geoid undulations. Unit: [m] 



The final gravimetric geoid solutions were then calculated by restoring the contribution of the 
reference models EGM96 and GPM98b to geoid height residuals. The statistics of these solutions are 
given in Table 11. Finally, we depict the gravimetric geoid height solutions for both reference fields in 
Figures 5 and 6. 

 max min mean std 

N (EGM96)  30.196 -0.037 13.484 ±6.256 

N (GPM98b)  29.654 -0.139 13.220 ±6.183 

Table 11. The final gravimetric geoid solution to EGM96 and GPM98b reference fields. Unit: [m] 

 
Figure 5. The final gravimetric geoid solution to EGM96 reference field. 

 

Figure 6. The final gravimetric geoid solution to GPM98 reference field. 



4. Combined method and geoid solution 

Having determined the altimetric and gravimetric geoid height solutions, combined ones were 
computed using the Multiple Input Multiple Output System Theory (MIMOST) as presented in 
Andritsanos et al. (2000a), Andritsanos et al. (2000a). The data used for the combination method are the 
residual altimetric geoid heights from ERS1-GM and GEOSAT-GM reference to EGM96 and GPM98b 
fields and the corresponding data from the gravimetric geoid solutions. 

Due to the lack of specific information about the errors in both the altimetric and the gravimetric 
solution, simulated noises were used as input error. Randomly distributed fields (white noise) were 
generated in MATLAB using 5cm standard deviation for the altimetry derived geoid heights and 10cm 
standard deviation for the gravimetric one. The final solution from the combination method, as well as 
the output error PSD function, were calculated according to the following equations: 
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H
H

P0
0P

ĤĤ
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where  is the spectrum combined geoid solution, NoN̂ g and Na are the spectra of the pure gravimetric 
and altimetric signals respectively, Nog and Noa are the spectra of gravimetric and altimetric 
observations, mg and ma are the input noises, Hxy is the theoretical operator that connects the pure input 
y and output signals x,  is the optimum frequency impulse response function, e  is the output noise 
and P

oo yxĤ ˆ

xy are PSD functions (Andritsanos et al, 2000a). The statistics of the final geoid height solution 
from the optimal combination of the heterogeneous heights referenced to the EGM96 and GPM98b 
geopotential models can be seen in Table 12 and are depicted in Figure 7. 

 max min mean std 

N (EGM96)  32.210 0.613 15.036 ±6.461 

N (GPM98b)  32.042 1.103 15.301 ±6.210 

Table 12. The combined geoid solution to EGM96 and GPM98b reference fields. Unit: [m] 

 

5. COMPARISON OF THE COMPUTED GEOID HEIGHT SOLUTIONS WITH T/P SSHS 
AND GEOMED 

The previously described geoid height solutions were compared with stacked T/P SSHs from the 3rd 
year of the satellite mission, which are considered as geoid heights when neglecting the SST signal. T/P 



SSHs are known for their high accuracy and they can be safely used as control points for our solutions. 
Additionally, we present the comparison between the geoid solution from the combination method and 
the GEOMED geoid for the Mediterranean Sea. From Table 13 and Figure 8, we can see that the 
differences with GEOMED are at the ±56cm and ±63cm level when using EGM96 and GPM98b as 
reference fields for our combined solution. This can be mainly attributed to the different reference fields 
used (GEOMED uses OSU91A as a reference field) and the more accurate altimetry data used in the 
present study. 

 
(a) 

 

 
(b) 

Figure 7: The final geoid height solutions from the MIMOST method to EGM96 (a) and GPM98b (b) 
reference surfaces. 

 
 



Ndif max min mean std 

(EGM96)  2.621 -0.778 0.984 ±0.559

 (GPM98b)  3.370 -0.694 0.625 ±0.635

Table 13. Statistics of the differences between GEOMED and the combined solution. Unit: [m] 

 
(a) 
 

 
(b) 

Figure 8. Geoid height differences between GEOMED and the final combined solutions from the 
MIMOST method for EGM96 (a) and GPM98b (b) reference surfaces. 

For the comparisons between the aforementioned solutions and the stacked SSHs from the 3rd year of 
the T/P mission the computed differences were minimized by using a four-parameter transformation 
model:  



321oP/T bsinbsincosbcoscosbNSSH −φ−λφ−λφ−=                                        (4) 

where the parameters bo, b1, b2 and b3 were calculated by the least squares technique and N is the 
altimetric, gravimetric or combined geoid height depending on the solution under consideration. 
Comparing the standard deviation of the differences between the different geoid height solutions and 
the stacked T/P heights, it is easily concluded that the altimetric solutions are superior to the gravimetric 
ones. When comparing the pure altimetric geoid heights with T/P SSHs, the accuracy is at the level of 
±8 for both satellites (see figures 9). The differences for the gravimetric solutions on the other hand 
reach the level of ±20cm in terms of standard deviation (see figure 10). The comparison between the 
optimally combined geoid heights and the stacked T/P SSHs reach an accuracy close to ±7cm in terms 
of standard deviation of the differences for GPM98b but ±29cm for EGM96 (see figure 11).  

 
(a) 

 
      (b) 

Figure 9. Differences between stacked T/P SSHs (3rd year) and ERS1-GM (a) and GEOSAT-GM (b) 
geoid height solutions (GPM98b reference field). Unit: [m] 



 
Figure 10. Differences between stacked T/P SSHs (3rd year) and the gravimetric geoid height solution to 

GPM98b reference field. Unit: [m] 

   
  (a) 

 
  (b) 

Figure 11: Differences between stacked T/P SSHs (3rd year) and the final geoid height solutions from 
the MIMOST method to EGM96 (a) and GPM98b (b) reference models. Unit: [m] 



6. CONCLUSIONS – FUTURE PLANS 

Eight local geoid solutions were computed for the Eastern part of the Mediterranean Sea close to the 
island of Cyprus. Satellite altimetry, marine and land gravity data were used in a combined solution for 
the optimal determination of the geoid in the area under study. 

The well-known remove-restore method was used for the altimetric and gravimetric geoid 
determination when the gravimetric residual geoid heights are determined using the 1-D FFT method. 
Finally the Multiple Input Multiple Output System Theory was used to optimally combine the available 
data sets.  

Based on these results the determination of a purely altimetric geoid is possible with an accuracy 
close to ±5cm while the determination of a purely gravimetric one has a lower accuracy close to ±18cm. 
The differences between T/P SSHs and the gravimetric geoid heights can be mainly attributed to the 
unavailable SST signal and the poor accuracy of the available gravity data. Nevertheless the achieved 
accuracy of the gravimetric geoid is better compared to a study by Vergos (2000) for an area northwest 
of the present one, where the available gravity data came from the digitization of the Morelli’s maps 
(Behrend et al. 1996) and had even lower accuracy.  

As far as the combined solution is concerned, it is evident that the use of altimetry data, at least when 
using GPM98 as a reference field, improve by ±9cm the accuracy of geoid determination as compared 
to the gravimetric only solution. This can be attributed not only to the use of altimetry data but to the 
noise level used for the different data sets (5cm for the altimetric and 10cm for the gravimetric ones) 
which give more weight to the altimetric geoid heights in the combination algorithm. Throughout this 
research, GPM98b proved to give better agreement, compared to EGM96, with our control datasets. 
This is an indication that GPM98b is more appropriate, at least for the Mediterranean Sea, to be used as 
the reference field when geoid modeling is concerned.  

A detailed study of the different solutions, with more emphasis on the error spectrum, and an 
investigation of the frequency contents of the two geopotential models is needed and will be carried out. 
In order to obtain a higher resolution and higher accuracy geoid solution in the area under study, a 
significant improvement of both land and sea gravity databases is necessary. It is expected that the 
forthcoming gravity field dedicated satellite missions will contribute to the improvement of such 
databases.  
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ABSTRACT  
The combination of satellite altimetry and shipborne gravity data for optimal geoid determination in the region of 
Newfoundland, Eastern Canada, is investigated and compared with existing geoid solutions in the area under study. 
In this study, a new high-resolution multi-satellite (GEOSAT-GM, ERS1-GM, T/P) altimetric geoid is computed 
and validated, and then combined with shipborne gravity data to obtain the final model. The newly released 1998 
GEOSAT-GM data referring to JGM-3 will be used, thus higher accuracy is expected. T/P data are used as control 
points for the resulting geoid, which is then compared to existing geoid solutions (GSD solutions) in the test area. 
We will also investigate the use of a global Sea Surface Topography (SST) model to test how well it models the 
stationery part of the SST. We will focus on the use of the Multiple Input Multiple Output System Theory 
(MIMOST) method for the efficient and optimal combination of heterogeneous data. Finally two geopotential 
models, namely EGM96 and GPM98b, are implemented to test how well they model the long wavelength part of 
the geoid. 
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1. INTRODUCTION 

The eastern coast of Canada is an area of extensive research activities relevant to geoid determination 
and gravity field modelling. The Geodetic Survey Division (GSD) of Natural Resources Canada 
(NRCan) in collaboration with universities like the ones of Calgary and New Brunswick generate new 
geoid solutions almost every five years, taking advantage of the new available and more accurate data 
sets. The specific area under study is very advantageous since it offers a great amount of shipborne 
gravity data, with very good resolution and coverage close to the coastline, collected during the past 
decades. This enables us to overcome difficulties and uncertainties of geoid determination close to the 
coastline. Additionally, since it is a part of the Atlantic Ocean, global models for various gravity field 
and oceanography related quantities, such as ocean circulation and SST models, can be safely used. As 
it is well known such models are not generated for closed sea areas, just like the Mediterranean Sea, 
hence they are not usually used in these cases. With the advent of satellite altimetry a vast amount of 
high-accuracy and high-resolution data were available for use in gravity field determination. Our study 
is focused in the Eastern coastal region of Canada (43o≤φ≤57o and 298o≤λ≤312o) including the island of 
Newfoundland in the Labrador Sea and the St. Lawrence gulf. 

In this study we focus, using the well-know remove-restore method, on the combined use of multi-
satellite altimetry and shipborne gravity data for a high-accuracy and high-resolution (3′×3′) marine 
geoid determination in the area under study. We determine, using the available datasets, purely 
altimetric and gravimetric geoid solutions and then using the Multiple Input Multiple Output System 
Theory (MIMOST) (Bendat and Piersol, 1986; Sideris, 1996; Andritsanos et al., 2000a) for the efficient 
combination of heterogeneous data, we compute the final geoid solutions. We also want to investigate 



whether the combined use of satellite altimetry and shipborne gravity data will improve geoid 
modelling compared to the gravimetric geoid only. 

Altimetric Sea Surface Heights (SSHs) from the ERS1 and the newly released (NOAA 1997) 
GEOSAT Geodetic Missions (GMs) are used for the computation of the altimetric geoid solution. 
Stacked 3rd year TOPEX/POSEIDON (T/P) SSHs are used as control points for the validation of our 
solutions. The 3rd year of the T/P mission was selected so that a common observation period between 
two satellites (T/P and ERS1-GM) would be available. The marine free air gravity anomalies used in 
this study were kindly provided to us by Mr. M. Véronneau and were generated by the Geological 
Survey of Canada (Véronneau 2001). The gravimetric geoid was computed by the 1D-FFT Stokes 
convolution (Haagmans et al., 1993; Sideris and She, 1995) using the available marine free-air gravity 
anomalies. The above three solutions were referenced to two geopotential models, namely EGM96 
(Lemoine et al., 1996), complete to degree and order 360, and GPM98 (Wenzel, 1999), complete to 
degree and order 1800. For the determination of the Sea Surface Topography (SST) signal we used the 
model from the simultaneous EGM96 adjustment (Lemoine et al. 1998). As control for our gravimetric 
geoid solutions the KMS99 global marine gravity field (Andersen and Knudsen 1998) was used. 
Comparisons with the official Canadian geoid GSD95 (Véronneau 1997) were performed in order to 
assess the differences with our solutions due to the different reference fields (in the computation of 
GSD95, OSU91A geopotential model was used as a reference field) and the more accurate data used.  

 

2. ALTIMETRIC GEOID 

Almost 73% of our planet’s surface is covered by water and contrary to the immense size of water areas 
our knowledge of the processes taking place in the earth’s oceans was little until the late 1970’s. With 
the advent of the space era and the launch of the Seasat altimetric satellite in late 1970’s the potentials 
of satellite altimetry to monitor the oceans became evident. It was the first time that a satellite was put 
in orbit with its primary goal being the monitoring of the oceans. The satellite managed to collect only 
42 hours of data which were though more than that collected during the last 100 years of earth-based 
observations.  Satellite altimetry is an increasing in accuracy method and provides a dense, long-term, 
repeated in period and accurate monitoring of the earth’s oceans. It provides an economical tool, 
compared to shipborne gravimetry, to model the oceans and determine the gravity field over great water 
areas. The geodetic missions of GEOSAT and ERS1 altimetric satellites provide a vast amount of data 
with resolutions of 2-4km in the equator (Smith et al., 1994), which cover the Earth densely and offer 
precise data sets due to the accurate models used for the geophysical and instrumental corrections and 
the approximation of the satellite orbit. Because of the improved models used in the processing of 
altimetry data a marine geoid determination with an accuracy close to a few centimeters is feasible. The 
altimetric data sets used in this study were GEOSAT-GM newly released SSHs referred to JGM-3 
(Joint Gravity Model 3) orbits and were provided by NOAA (1997). The observation period of this data 
set was from March 30th, 1985 to September 30th, 1986. Additional altimetric data were those of the 
mapping phase of ERS1-GM SSHs from AVISO (1998). The observation period of these altimetric data 
extends from April 10th, 1994 to March 21st, 1995. Finally, the 3rd year of T/P SSHs distributed by 
AVISO (1998) were used. The period of observation of this data set was from October 16th, 1994 to 
October 8th, 1995.  
 

2.1 VALIDATION OF GEOSAT-GM DATA AND GEOID SOLUTION 

An initial preprocessing step in the validation of the GEOSAT-GM SSHs was their correction due to the 
instrumental and geophysical errors, included in the SSH observations, in order to get corrected SSHs. 



The GEOSAT-GM data were provided to us in the usual Geophysical Data Record (GDR) format and 
the models and methods used for the aforementioned corrections are the same as those described in the 
GEOSAT-GM handbook (1997). The total number of corrected SSHs available in the area under study 
were 95348 point values. As a next step we corrected the GEOSAT-GM SSHs for the SST signal. The 
SST model used in this study comes from the simultaneous EGM96 geopotential model adjustment 
(Lemoine et al. 1998) and was kindly provided to us by Dr. N. Pavlis. The model comes as a set of 
spherical harmonic coefficients of the SST complete to degree and order 20. Using the model we 
computed SST values on the points were GEOSAT-GM SSHs were available and we removed them 
from the SSHs signal. These SSHs are considered as geoid heights (N). The statistics of the original and 
corrected for the SST signal GEOSAT-GM SSHs are presented in Table 1.  

max min mean std 

330.383 -311.601 6.174 ±19.206 

331.039 -310.989 6.816 ±19.310 

Table 1. Original and corrected for the SST signal GEOSAT-GM data. Unit: [m]. 

The available GEOSAT-GM data records cover not only sea but some continental areas as well, thus 
the first test had to deal with the removal of the continental data. It is well-known that satellite altimetry 
SSHs give some erroneous values close to the coastline due to the scattering of the radar altimeter pulse 
from the shallow sea bottom; for that reason, data close to the coastline were removed as well. A 1′×1′ 
bathymetric model for the area under study was used (Sandwell, 1996) and an interpolation of depth 
values was carried out at the points where SSHs from GEOSAT-GM were available. Following this 
interpolation process data points with depths greater than -50m were neglected as suspected to contain 
blunders. According to this test, 6619 point values (6.94%) were finally removed (see Table 2).  

max min mean std 

331.039 -310.989 8.849 ±17.959 

Table 2. GEOSAT-GM data after the bathymetry test. Unit: [m]. 

From Tables 1 and 2 for the SSHs before and after the bathymetry test some very large minimum and 
maximum values are still present, thus indicating the presence of outliers. On the other hand we can see 
an improvement of the standard deviation value at the level of 1.5m. After the bathymetry test the long 
wavelength part of the geoid heights was removed by subtracting the contribution of EGM96 (Lemoine 
et al., 1998) and GPM98b (Wenzel, 1998) geopotential models from the SSHs. The statistics of the so 
derived residual geoid heights (Nres) are summarized in Table 3. 

 max min mean std 
Nres (EGM96) 338.818 -316.654 -1.892 ±10.252 

Nres (GPM98b) 338.892 -316.768 -2.050 ±10.249 

Table 3. GEOSAT-GM residual undulations. Unit: [m] 



      
        (a)                                 (b) 

Figure 1. GEOSAT-GM data distribution before (a) and after  (b) the bathymetry test. 

The residual geoid heights in Table 3 indicate a number of unexpected values. This is due to the 
presence of blunders and/or systematic errors. To remove these large values, an additional 3rms test for 
blunder detection was performed for the GEOSAT-GM residual geoid heights. After the 3rms test 7225 
(8.14%) in the case of EGM96 and 10293 (11.6%) in the case of GPM98b residual geoid heights were 
removed. To summarize, during the two validation tests (bathymetry and 3rms), 13844 GEOSAT-GM 
data points  (14.52%) reduced to EGM96 geopotential model were removed and 16921 data points 
(17.74%) reduced to GPM98b were eliminated.  

The remaining data in the area under study (43o≤φ≤57o and 298o≤λ≤312o) are 81504 and 78427 
residual geoid heights referenced to EGM96 and GPM98b respectively. The statistics of these residual 
geoid heights in the test area are given in Table 4. 

 max min mean std 
Nres (EGM96) 0.720 -0.721 0.141 ±0.195 

Nres (GPM98b) 0.581 -0.581 0.010 ±0.194 

Table 4. GEOSAT-GM residual undulations after the 3rms test. Unit: [m] 

To verify the effectiveness of the bathymetry mask and that of the 3rms validation we compare the 
statistics of the GEOSAT-GM data before and after the tests (Tables 1 and 4 respectively). From these 
two tables it is evident that the extreme maximum and minimum values are removed and the residual 
geoid heights, in terms of the standard deviation values, are at the ±19.5cm level. To these residual 
geoid heights a crossover adjustment was applied for the minimization of the orbital errors. Comparing 
the residual geoid heights before and after the adjustment insignificant improvement, for the case of 
EGM96, and deterioration, for the case of GPM98, in terms of the standard deviation and the mean 
value of the differences was detected. This fact can be mainly attributed to the improved and high 
accuracy orbits used for the present release of GEOSAT-GM GDRs (JGM3). For this reason, the 



residual geoid heights after the 3rms test and before adjustment were used for the subsequent geoid 
determination. 

The point residual geoid heights were interpolated onto a 3′×3′ grid. Then, during the last step of the 
remove-restore method, the contribution of EGM96 and GPM98b geopotential models to the residual 
geoid heights was restored and the final geoid height solutions of GEOSAT-GM altimetry data were 
calculated (see Table 5).  

 max min mean std 

N (EGM96) 32.480 -20.539 5.918 ±13.482 

N (GPM98b) 32.481 -20.549 5.925 ±13.496 

Table 5. The final geoid solution from GEOSAT-GM altimetry data. Unit: [m] 

 

Figure 2. The final geoid solution from GEOSAT-GM to GPM98 reference filed. 

 

2.2 VALIDATION OF ERS1-GM DATA AND GEOID SOLUTION 

The ERS1 satellite altimetry SSHs were provided to us in the usual GDR format, thus a first 
preprocessing step, as in the case of GEOSAT data, for the correction due to the geophysical and 
instrumental errors was needed. This was done according to the models and methods described in the 
AVISO handbook (AVISO, 1998) for the ERS1-GM data. A total number of 56053 ERS1-GM 
corrected SSHs for the area under study were used. ERS1 data do not refer to land or close to the 
coastline regions hence the bathymetry mask validation test was not needed in this case. Following 
again the remove-restore method the contribution of the EGM96 and GPM98b geopotential models was 
removed from the corrected SSHs. The statistics of ERS1-GM residual SSHs are shown in Table 6.  



 max min mean std 

SSHres (EGM96) 0.852 -1.459 -0.421 ±0.343 

SSHres (GPM98b) 1.203 -2.269 -0.555 ±0.347 

Table 6. ERS1-GM residual undulations. Unit: [m] 

As with the case of GEOSAT-GM data we then removed the signal of the SST. To do so we 
interpolated, from the spherical harmonics SST model, SST values on the points where ERS1-GM 
SSHs were available. The statistics of these residual geoid heights are presented in Table 7. From the 
such derived residual geoid heights and in order to detect the presence of blunders a 3rms test was 
applied. During this test 500 (0.009%) for EGM96 and 1984 (0.035%) for GPM98b data points were 
removed. The statistics of the ERS1-GM data after the 3rms test are summarized in Table 8. A 
crossover adjustment, with the same results as the ones discussed for the case of GEOSAT-GM data, 
was applied for the ERS1-GM residual geoid heights. 

 max min mean std 

Nres (EGM96) 1.569 -0.594 0.213 ±0.200 

Nres (GPM98b) 1.942 -1.527 0.079 ±0.257 

Table 7. ERS1-GM residual undulations after the correction for the SST signal. Unit: [m] 

 max min mean std 

Nres (EGM96) 0.831 -0.594 0.205 ±0.186 

Nres (GPM98b) 0.633 -0.635 0.072 ±0.198 

Table 8. ERS1-GM residual undulations after the 3rms test. Unit: [m] 

Thus, the data after the 3rms test and before the adjustment, were used for the interpolation on a 3′×3′ 
grid. Finally the contribution of EGM96 and GPM98b geopotential models was restored in these 
gridded residual geoid heights. The statistics of the final geoid height solutions from ERS1-GM 
altimetric mission are given in Table 9 and the solution referenced to GPM98b is  depicted in Figure 3. 

 max min mean std 

N (EGM96) 32.440 -20.484 6.019 ±13.446 

N (GPM98b) 32.457 -20.483 5.992 ±13.472 

Table 9. The final geoid solution from ERS1-GM altimetry data. Unit: [m] 

 

3. GRAVIMETRIC GEOID 

The gravity data used were shipborne free-air gravity anomalies covering the area under study. 160481 
marine free-air gravity anomalies for the Labrador Sea and the St. Lawrence gulf were used (Véronneau 



2001). The statistics of the gravity data are presented in Table 10 and the data distribution is depicted in 
Fig. 4.  

 

Figure 3. The final geoid solution from ERS1-GM to GPM98reference field. 

 max min mean std 

∆g 133.900 -103.500 0.249 ±31.054 

Table 10. Statistics of gravity data. Unit: [mGal] 

 

Figure 4. Distribution of gravimetric data. 



From Fig. 4 it can be seen that the data distribution is irregular, showing very dense coverage of the 
St. Lawrence gulf and the eastern part of Newfoundland reaching a resolution of 15′′. On the other hand 
the data distribution in the southern and north-eastern part of the area under study is sparser reaching a 
resolution of 6′-7′. For that reason we decided to set the resolution of our final gravimetric geoid 
solution to 3′×3′ so that it will compensate the sparser distributions and be in agreement with the 
altimetric solutions previously determined. The data come from shipborne campaigns held during the 
last 30 years, thus varying in accuracy. They are referenced to GRS67 and since the altimetry data refer 
to GRS80 a transformation of the available gravity data to GRS80 was needed. Following Li (1996) and 
Wenzel (1999) the formulas used for the transformation are:  

∆gGRS80 = ∆gGRS67 + γGRS67 - γGRS80                                        (1) 

γGRS67 = 978031.8(1+0.0053024sin2φ-0.0000059sin2(2φ))              (2) 

γGRS80 = 978032.7(1+0.0053024sin2φ-0.0000058sin2(2φ))             (3) 

The so referenced to GRS80 free-air gravity anomalies were first reduced to EGM96 and GPM98b 
reference surfaces (Table 11). Then a 3rms test for blunder detection was performed during which 1929 
(0.012%) referenced to EGM96 and 2856 (0.019%) referenced to GPM98 residual gravity anomalies 
were removed (see Table 12). These residual gravity anomalies were gridded on a 3′×3′ grid and the 
computation of the residual geoid heights was carried out by applying the 1-D FFT spherical Stokes 
convolution (Haagmans et al, 1993; Sideris and She, 1995).  
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Where Ngr is the gravimetric geoid height, R is the mean earth radius, γ is the normal gravity, ∆g 
denotes gravity anomaly, and S(ψ) is Stokes’ function. The statistics of these residual geoid heights are 
reported in Table 13. 

 max min mean std 

Nres (EGM96) 52.365 -74.653 -3.784 ±10.564 

Nres (GPM98b) 48.033 -124.605 -3.760 ±6.183 

Table 11. Statistics of reduced gravity anomalies to EGM96 and GPM98b reference fields. Unit: [mGal] 

 max min mean std 

Nres (EGM96) 31.287 -31.301 -3.550 ±9.812 

Nres (GPM98b) 16.675 -17.089 -3.322 ±4.628 

Table 12. Statistics of reduced gravity anomalies to EGM96 and GPM98b reference fields after the 
3rms test. Unit: [mGal] 

 



 max min mean std 

Nres (EGM96) 1.315 -1.858 -0.473 ±0.293 

Nres (GPM98b) 0.344 -0.560 -0.177 ±0.116 
Table 13. Statistics of residual gravimetric geoid undulations. Unit: [m] 

The final gravimetric geoid solutions were then determined following the last step of the remove-
restore method by restoring the contribution of the reference models EGM96 and GPM98b to geoid 
height residuals. The statistics of these solutions are given in Table 14. Finally, we depict the 
gravimetric geoid height solutions for both reference fields in Figures 5 and 6. 

 max min mean std 

N (EGM96)  28.730 -22.476 0.299 ±13.105 

N (GPM98b)  31.893 -20.862 5.709 ±13.759 

Table 14. The final gravimetric geoid solution to EGM96 and GPM98b reference fields. Unit: [m] 

 
Figure 5. The final gravimetric geoid solution to EGM96 reference field. 

 

4. COMBINED METHOD AND GEOID SOLUTION 

Having determined the altimetric and gravimetric geoid height solutions, combined ones were 
computed using the Multiple Input Multiple Output System Theory (MIMOST) as presented in 
Andritsanos et al. (2000a), Andritsanos et al. (2000b). The data used for the combination method are the 
altimetric residual geoid heights from ERS1-GM and GEOSAT-GM reference to EGM96 and GPM98b 
fields and the corresponding gravimetric residual geoid heights. 



 

 

Figure 6. The final gravimetric geoid solution to GPM98 reference field. 

Due to the lack of specific information about the errors in both the altimetric and the gravimetric 
solution, simulated noises were used as input error. Randomly distributed fields (white noise) were 
generated in MATLAB using 5cm standard deviation for the altimetry derived geoid heights and 10cm 
standard deviation for the gravimetric one. The final solution from the combination method, as well as 
the output error PSD function, were calculated according to the following equations: 

[ ] 
































−

















=

−

oa

og

1

NNNN

NNNN

mm

mm

NNNN

NNNN

NN̂NN̂o N
N

PP
PP

P0
0P

PP
PP

HHN̂
oaoaogoa

oaogogog

aa

gg

oaoaogoa

oaogogog

ag

                             (5) 

[ ] [ ]

[ ] 















+


















−



























−












−
























=

a

g

aa

gg

oaoogo
oao

ogo

a

g

oaoaogoa

oaogogog

oaoogo
aa

gg

oaoaogoa

oaogogog

ag

NN̂
*

NN̂
*

mm

mm
NN̂NN̂

NN̂
*

NN̂
*

NN̂
*

NN̂
*

NNNN

NNNN

NN̂NN̂
mm

mm

NNNN

NNNN

NN̂NN̂êê
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Ĥ
Ĥ
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where  is the spectrum combined geoid solution, NoN̂ g and Na are the spectra of the pure gravimetric 
and altimetric signals respectively, Nog and Noa are the spectra of gravimetric and altimetric 
observations, mg and ma are the input noises, Hxy is the theoretical operator that connects the pure input y 
and output signals x,  is the optimum frequency impulse response function, e  is the output noise 
and P

oo yxĤ ˆ

xy are PSD functions (Andritsanos et al, 2000a). The statistics of the final geoid height solution 
from the optimal combination of the heterogeneous residual geoid heights referenced to the EGM96 and 
GPM98b geopotential models can be seen in Table 15 and are depicted in Figure 7. 
 



 max min mean std 

N (EGM96)  24.612 -15.809 5.028 ±10.175 

N (GPM98b)  25.302 -15.625 5.294 ±10.368 

Table 15. The combined geoid solution to EGM96 and GPM98b reference fields. Unit: [m] 

      
      (a)                          (b) 

Figure 7. The final geoid height solutions from the MIMOST method for EGM96 (a) and GPM98b (b) 
reference surfaces. 

 

5. COMPARISON OF THE COMPUTED GEOID HEIGHT SOLUTIONS WITH T/P SSHS, 
GSD95 AND KMS99 

The previously determined geoid height solutions were compared with GSD95, the official geoid of 
Canada. Especially for the gravimetric solutions we use KMS99 altimetry derived global gravity field 
for the accuracy assessment. Then we compare our solutions with stacked T/P SSHs from the 3rd year of 
the satellite mission, which are considered as geoid heights when neglecting the SST signal. T/P SSHs 
are known for their high accuracy and they can be safely used as control points for our solutions. From 
Figure 8 we can see that the differences between GSD95 and ERS1-GM, referenced to EGM96, 
altimetry solution are at the ±26cm level. These differences (NGSD95 – NERS1-GM) present a large 
minimum value (-2.187cm), which is mainly attributed to the enhanced data used in the ERS1-GM 
solution and to the different reference fields used, since GSD95 refers to OSU91A. From Figure 9 the 
differences between the gravimetric geoid solution referenced to EGM96 and KMS99 geoid are at the 
±29cm level indicating that our gravimetric geoid is close to the altimetry derived KMS99 one. Still the 
superiority of altimetry data is evident though. 

 



 

Figure 8. Geoid height differences between GSD95 and ERS1-GM geoid solution to EGM96 reference 
field. 

 

Figure 9. Geoid height differences between KMS99 and gravimetric solution referenced to EGM96 
model. 

The differences between GSD95 and the geoid solution from the combination method are presented, 
with their statistics, in Figures 10a and 10b. We can see that the combined use of altimetry and 
shipborne gravity data improves the agreement with GSD95, especially close to the coastline, and this 
can be attributed to the fact that the shipborne data were used in the GSD95 geoid modeling as well. 
Nevertheless the differences due to the different fields used are evident especially in the case of 
GPM98b where the standard deviation is at the ±50cm level. 



For the comparisons between the aforementioned solutions and the stacked SSHs from the 3rd year of 
the T/P mission the computed differences were minimized by using a four-parameter transformation 
model:  

321oP/T bsinbsincosbcoscosbNSSH −φ−λφ−λφ−=                    (7) 

where the parameters bo, b1, b2 and b3 were calculated by the least squares technique and N is the 
altimetric, gravimetric or combined geoid height depending on the solution under consideration. The 
statistics of the differences, after bias and tilt fir, between T/P SSHs and the ERS1-GM, GEOSAT-GM 
and gravimetric solutions, are presented in Tables 16, 17 and 18 respectively.  

 max min mean std 

T/PSSHs - NEGM96 0.562 -0.574 0.000 ±0.095 

T/PSSHs – NGPM98b 0.557 -0.481 0.000 ±0.094 

Table 16. Geoid height differences between T/P SSHs and ERS1-GM altimetric solutions after bias and 
tilt fit. Unit: [m] 

 max min mean std 

T/PSSHs - NEGM96 0.858 -0.450 0.000 ±0.109 

T/PSSHs – NGPM98b 0.840 -0.420 0.000 ±0.105 

Table 17. Geoid height differences between T/P SSHs and GEOSAT-GM altimetric solutions after bias 
and tilt fit. Unit: [m] 

 max min mean std 

T/PSSHs - NEGM96 0.962 -0.895 0.000 ±0.253 

T/PSSHs – NGPM98b 0.822 -0.797 0.000 ±0.222 

Table 18. Geoid height differences between T/P SSHs and the gravimetric solutions after bias and tilt 
fit. Unit: [m] 

Comparing the standard deviation of the differences between the different geoid height solutions and 
the stacked T/P heights, it is easily concluded that the altimetric solutions show better agreement with 
T/P SSHs compared to the gravimetric ones. The agreement of the pure altimetric geoid heights with 
T/P SSHs is at the level of ±9 for ERS1-GM and ±10 for GEOSAT-GM. The differences for the 
gravimetric solutions on the other hand reach the level of ±25cm in terms of the standard deviation 
value. Comparing the use of the two different reference fields we can conclude that they give almost the 
same results for the satellite altimetry geoid solutions when for the gravimetric ones the solution to 
GPM98b gives 3cm better agreement with T/P SSHs. 



         
      (a)             (b) 
Figure 10. Geoid height differences between GSD95 and the combined solutions referenced to EGM96 

(a) and GPM98b (b) fields. 

For the differences between the stacked T/P SSHs with the geoid heights from the optimal 
combination method an accuracy close to ±22cm and ±20cm in terms of standard deviation of the 
differences, for EGM96 and GPM98b respectively, is achievable (see Figure 11). Comparing to the 
same statistics for the gravimetric solutions, we can see that the combined use of satellite altimetry and 
shipborne gravity data improves the agreement with T/P SSHs by 3cm for both EGM96 and GPM98b. 

      
  (a)           (b) 
Figure 11. Differences between the final geoid height solutions from the MIMOST method for EGM96 

(a) and GPM98b (b) reference models and the stacked T/P SSHs (3rd year). 



6. CONCLUSIONS – FUTURE PLANS 

Eight local geoid solutions were computed for the Eastern part of Canada close to the island of 
Newfoundland in the Labrador Sea. We determined pure altimetric and gravimetric geoid height 
solutions for the area under study using two geopotential models, namely EGM96 and GPM98b, as 
reference fields. The MIMOST method for the optimal combination of heterogeneous data was then 
used to determine the final geoid solutions. Throughout this study the well-known remove-restore 
method is used for the geoid determination when the gravimetric residual geoid heights are computed 
using the 1-D spherical FFT method.  

Based on these results the determination of a purely altimetric geoid is possible with an accuracy 
close to ±7cm while the determination of a purely gravimetric one has a lower accuracy close to ±20cm. 
The differences between T/P SSHs and the gravimetric geoid heights can be mainly attributed to the 
poorer accuracy of the available gravity data, at least compared to that of T/P SSHs. The differences 
between GSD95 and the ERS1-GM altimetric solution to EGM96 model are mainly due to the different 
reference fields used and to the more accurate data used in the present study. 

As far as the combined solution is concerned, it is evident that the use of altimetry data, both for 
EGM96 and GPM98 reference fields, improves by ±3cm the accuracy of geoid determination as 
compared to the gravimetric only solution. This can be attributed not only to the more accurate 
altimetry data but to the noise level used for the different data sets (5cm for the altimetric and 10cm for 
the gravimetric ones) which give more weight to the altimetric geoid heights in the combination 
algorithm. The comparison of our combined solution with GSD95 gives better agreement close to the 
coastline when compared to the differences of the satellite only geoid models. This is an indication that 
the use of shipborne gravity data enhances the altimetric only solutions, since the later lack data close to 
the coastline and in shallow ocean areas. Throughout this research, GPM98b proved to give better or 
equal agreement, compared to EGM96, with our control datasets. This is an indication that it is more 
appropriate to use GPM98b as the reference field, at least for the test area, when geoid modeling is 
concerned.  

A detailed study of the different solutions, with more emphasis on the error spectrum, and an 
investigation of the frequency contents of the two geopotential models is needed and will be carried out. 
Additionally special emphasis will be paid on the coastline when combining land and marine gravity 
data for geoid determination and towards the investigation for a numerical solution of the fixed 
Altimetry Gravimetry Boundary Value Problem (AGBVP). In order to obtain a higher resolution and 
higher accuracy geoid solution in the area under study, an improvement of the marine gravity databases 
is necessary.  
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Abstract

Satellite altimetry from Geosat (18 months) and ERS-1 (10 months) geodetic missions provide data with
a very dense coverage, allowing a very detailed recovery of the gravity field. Stacked data from
TOPEX/Poseidon (6 years in a 10 day repeat cycle), ERS-2 (4 years in a 35 day repeat cycle) and Geosat ERM
(2 years in a 17 day repeat cycle) are used to define a precise reference frame where the previously mentioned
data are adjusted.

A remove-restore procedure is used to obtain residual sea surface heights eliminating the contributions of
the low (with the global geopotencial model EGM96 as reference field) and high (the effect of the
topography/bathymetry is computed using the RTM correction with the local accurate bathymetric model
AZDTM98 and the global model JGM95E) frequencies to the sea surface heights.

A validation procedure is then applied, comparing each value with an estimation obtained using least
squares collocation and a grid is produced. Finally an efficient method based on Fast Fourier Transform is used
to obtain the residual gravity anomalies by inversion of the mentioned grid. After adding the contributions to
the gravity anomalies from the global geopotencial model and from the topography/bathymetry, the result is
compared with adjusted gravity data obtained by gravimetric surveys.

1. Introduction

The 3º by 3º area under study, located on the Azores region (limited by 38º<φ<40º and 331º<λ<333º) have been
subjected to systematic bathymetric surveys, in the aim of FARA and RIDGE projects. This data was complemented
with topographic data on the islands, which resulted on the high precision 1’x1’ digital terrain model AZDTM98
(Catalão and Sevilla, 2000). The test area was chosen due to its high mountains and deep sea, with pronounced height
differences and their influence on the computed gravity anomalies has been analysed. With some improvements, the
processing used follows the one described by Andersen and Knudsen in the derivation of the KMS99 grid of  gravity
anomalies.

2. Data Selection and Editing

The altimetric observations, with an along-track spacing of about 7 km, were extracted in a wider 5º
by 5º area. The primary focus was on the recovery of the short wavelength gravity field information, so not
all corrections are relevant. Correction for ionospheric and dry tropospheric path delay provided by NOAA
and ESA were applied. Near land, where wet tropospheric correction is normally non-existent, this correction
was computed using meteorological information by spline interpolation. Although this computed correction
is less accurate, it allows to retain data points near the coast. Solid Earth tide correction was applied and the
NAO tide model (Matsumoto et al., 2000) was used to compute the ocean and load tide contribution. Inverse
barometer correction was also applied. All data sources applied the orbits based on JGM-3 gravity model. If
the standard deviation of the height observation exceeded 0.3 m or any of the applied corrections were
absent, the data point was removed. The repeating ground tracks of the Geosat, Topex/Poseidon and ERS-1/2
altimeters offer the possibility of improving the accuracy and resolution of gravity anomalies along widely
spaced tracks, allowing the recovery of short wavelength gravity anomalies.

mailto:jcalvao@fc.ul.pt
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3. Data Processing

Data from both geodetic phases were interpolated every 0.5 seconds to obtain a better along track
resolution and all data were merged. To reduce the effects of  sea surface variability and orbit errors, each
track was fitted to the corresponding EGM96 geoid profile using tilt and bias parameters (figure 1).

figure 1: fitting ERS-2 tracks to EGM96 geoid figure 2: stacking TOPEX/Poseidon data

EGM96 model was used as reference field; gravitational effects of the topography and bathymetry are
the dominant sources of local gravity field variations, so numerically removing this effects in the remove-
restore technique leads to a smoother residual field. There are a number of different methods for computing
topographic corrections using a high resolution digital terrain model. In the RTM method, only local high
frequency topographic irregularities are taken into account by referring all elevations to a smooth mean
elevation surface. Two digital terrain models were used, the above mentioned AZDTM98 and the 5’x5’
JGM95E (figure 3).

figure 3: bathymetric models used to compute terrain effects

To reduce the number of points, data from the repeat missions were stacked (figure 2) and data from
all sources were merged. A cross-over adjustment was carried out on the residual data using bias and tilt
parameters. Each observation was then compared with an estimated height obtained using least squares
collocation to detect gross errors and the fitting to the geoid and the cross-over adjustment were repeated.

At the cross-overs, sea surface height differences reflect model errors and ocean variability; to avoid
artefacts in the geoid grid due to bad cross-overs, this differences between ascending and descending tracks
were eliminated, distributing it by both arcs. An Akima spline (Akima, 1970), which was designed to combat
large oscillations, was used to interpolate the new tracks, so that at each cross-over, both arcs cross exactly at
the same height (figure 4)

Due to the large amount of altimetric data, it has became increasingly important to have efficient
methods of deriving gravity anomalies. The fastest methods have been based on spectral techniques. If an
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FFT based method is used, one problem is that of gridding the data. The edited and adjusted altimeter data
were interpolated on a regular 2’ by 2’ grid using collocation and introducing a covariance function that
filters sea surface variability. To avoid spectral leakage, a cosine taper was applied in the outer 0.5º of the
grid. The gravity anomalies were derived from geoid undulation using FFT techniques, where a Wiener
filtering function was used to reduce noise influence. Finally, the contributions of the low and high
frequencies were added again.

4. Results and conclusions

Three data sets of gravity anomalies were produced: without RTM correction, with RTM correction with
JGM95E model and with RTM correction with AZDTM98 model:

    figure 4: KMS99 gravity anomalies     figure 5: gravity anomalies without terrain correction

figure 6: gravity anomalies with terrain figure 7:gravity anomalies with terrain
 correction (JGP95E) correction (AZDTM98)
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figure 8: distribution of marine gravity data

These grids were compared with adjusted marine gravity data and the results are shown in the
following table:

KMS99 without RTM with RTM (AZDTM98) with RTM (JGP95E)
# 7296 7296 7296 7296

mean 0.22 1.18 3.51 2.58
std 10.01 9.59 7.61 10.50
min -51.07 -36.83 -31.17 -32.85
max 39.03 31.53 27.45 32.30

table 1:  comparison of the different data sets

The best results were obtained with the inclusion of RTM correction in the procedure of computing the
gravity anomalies using an accurate model of the bathymetry/topography. In general, the accuracy decreases
with the proximity to coast so the procedures that were used seem to result in a better agreement with marine
observations.
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Altimetry-gravimetry boundary value problems with smoothness
conditions in coastal regions

R.S. Grebenitcharsky and M.G. Sideris
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ABSTRACT
Altimetry-gravimetry boundary value problems (AGBVPs) are investigated in coastal regions from a theoretical
and an application point of view. A numerical solution of AGBVPs for local geoid approximation using
compatibility conditions along the coastline is discussed. The existence and uniqueness of the solution of different
types of AGBVPs including compatibility conditions along the coastline are discussed. Variational methods for
solving differential equations are applied. The effects of smoothness assumptions on the data are analysed in the
case of combination of different types of data. Because of using different types of data, irregularities along the
coastline could be expected. These irregularities are investigated using the property of wavelets to give information
about the distribution of different frequencies in space. The effect of such irregularities on the solution with
compatibility conditions is investigated and conclusions are drawn.
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Geoid, altimetry-gravimetry boundary value problems, satellite altimetry, gravity

1. INTRODUCTION

Compatibility conditions in altimetry-gravimetry boundary value problems are usually used to ensure
the well-posednes of a boundary value problem (Sacerdote and Sanso, 1987; Svensson, 1988). The
uniqueness and existence of the solution of AGBVPs depend upon the smoothness assumptions along
the coastline. The addition of compatibility conditions along the coastline may cause the problem to
become well-posed but it is questionable if such conditions upon the data are realistic for practical use
(Svensson, 1988).

Another application of compatibility conditions along the coastline is related to the regularization of
the solution in the neighbourhood of the coastline. According to Svensson (1988), unless the
compatibility conditions are recognized, the mixed problems cannot be solved with a higher degree of
smoothness. Additional constrains on the data for the regularization of the solution across the coastline
were derived in Sacerdote and Sanso (1987). Getting a higher degree of smoothness along the coastline
is necessary   for one of the most often used methods for the solution of AGBVPs – the variational
method for solving differential equations. It requires both the boundary surface and the boundary
conditions (observations) to be smooth enough, i.e., to have continuous derivatives up to a certain order.
At the same time, irregularities at the coastline exist because different types of data with different
observation procedures, accuracy and resolution are used. To overcome these problems, compatibility
conditions along the coastline can be used.

The regularization of data along the coastline will smooth the solution but what is the magnitude of
this effect from an application point of view?  The purpose of this paper is to investigate the influence of
smoothness compatibility conditions along the coastline on the solution of AGBVPs. A numerical
experiment in the region of Newfoundland (Eastern Canada) is conducted to estimate the influence



compatibility conditions have on the smoothing of the solution of AGBVPs. Gravity anomalies on land
and at see are used, and the effect on final geoid solution of smoothing the data (boundary conditions) is
estimated.

2. AGBVPs – GENERAL FORMULATION AND WEAK SOLUTION

The general formulation for an AGBVP according to Lehman (1999) is:
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where:

Τ    is the disturbing potential;
∇2  is the Laplacean differential operator;
Lo  is a linear functional of T at sea (ocean);
LL  is a linear functional of T on land;
Γo  is the boundary surface at sea;
Γl  is the boundary surface on land;
r   is the geocentric radius vector of a point outside the boundary surface; and
n+2  is the power of decreasing  the inverse geocentric radius vector length .

According to Rektorys (1977), a weak (generalized) solution of the AGBVP exists and it consists of a
functional u satisfying the stable boundary conditions (related to geoid heights No or disturbance
potential To as measurements at sea) plus a “refinement” of u based on the unstable conditions (gravity
disturbances δgo at sea or gravity anomalies ∆gl on land as measurements). The term “weak”
(generalized) shows the fact that the solution satisfies Laplace’s differential operator and boundary
condition not in the sense of classical pointwise functions but in the sense of generalized functions.

According to Rektorys (1977), we can expect that the weak solution for Laplace’s operator has
generalized derivatives of all orders.  The higher the degree of derivatives included in the compatibility
conditions, the closer the weak solution is to the classical solution of the problem. According to
(Sacerdote and Sanso, 1987), infinitely differentiable solutions can be expected only for points, that are
far from the coastline (inner regularity). Additional constrains must be imposed on the data along the
coastline. In this way, the irregularities between the data along the coastline need to be regularized
introducing compatibility conditions. Actually, we can assume smoothness conditions for derivatives up
to infinite degree along the coastline.

Finally, the conclusion given in Rektorys (1977) that “if all data of the considered problem (including
the boundary surface) are sufficiently smooth, then the weak solution is the classical solution of the
considered problem” is the underlying reason for investigating the smoothing procedure along the coast
line for AGBVPs.



3. COMPATIBILITY CONDITIONS AND REGULARITY OF THE WEAK SOLUTION FOR
DIFFERENT TYPES OF AGBVPs

In the previous two paragraphs it has been explained that compatibility conditions along the coastline
are necessary to increase the regularity of the data and to have a weak solution which is closer to the
classical solution of AGBVPs. The form of the compatibility conditions can be found in Svensson
(1988) and (Sacerdote and Sanso, 1987). In both cases, they are given in an implicit form. Before
getting them in an explicit form, a preliminary investigation of the effect of smoothing along the
coastline is necessary. It can be shown that the compatibility conditions in Svensson (1988) correspond
to the requirement that the data and their derivatives be consistent along the coastline. Compatibility
conditions could be simply substituted by conditions on data and their derivatives along the coastline
only.

For both types of AGBVPs, we have the following data on the boundary:  geoid heights (disturbing
potential values) at sea and gravity anomalies on land for AGBVP I, and gravity disturbances at sea
together with gravity anomalies on land for AGBVP II. In Svensson (1988), it has been shown for
AGBVP I and AGBVP II that, with the introduction of additional compatibility conditions on the
coastline, both problems become normal solvable (satisfying the Fredholm alternative). To achieve this,
he introduced new linear pseudodifferential differential operators A  and C such that:

2/3)4/1(A 2/12 −+−∇=                                                                                                        (2)

2/3)4/1(C 2/12 ++−∇=                                                                                                        (3)

C3A,2CAAC 2 =+−−∇==                                                                                                (4)

This allows not only the problem to become normal solvable, but also increases the regularity along
the coastline. It is evident from the interpretation of the compatibility conditions (Svensson, 1988) that
they are closely related to the agreement of functionals and their derivatives along the coastline. This
fact will allow us to use wavelets as multiscale differential operators later on to smooth data along the
coastline. The physical meaning of A and C is given by the table for important pseudodifferential
operators on the sphere in Svensson (1983, p.18). In fact, A and C can be interpreted as gravity anomaly
and gravity gradient operators. Gravity disturbances could be represented as C(I-C), where I is identity
operator.

Using in addition new pseudodifferential operators E, F, L and M, which define the following
mappings: )(H)(H 2/1

E
o2/1 ΓΓ → , )(H)(H 2/1

F
l2/1 ΓΓ →− , )(H)(H S

L
lS ΓΓ → ,

)(H)(H S
M

o2S ΓΓ →− , a new form of AGBVP I and AGBVP II is possible. Here the notifications Hi

and iH  denote Sobolev spaces H of ith order and their closers, respectively. It is assumed that SHT ∈
and 1SHg −∈∆ , where s is the order of generalized derivatives used in the definition of Sobolev spaces.
Pseudodifferential operators E, F, L and M are basically extensions from land and sea to the entire
sphere Γ. The simplest extension could be to, e.g., fill the missing data with zeros (Eskin, 1981).



The boundary conditions (observations) for AGBVP II in spherical approximation are
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   The new (transformed) boundary conditions for AGBVP II then are
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S is the Stokes operator;
T1 is the first degree term of T;
∆gl is the gravity anomaly on land; and
δgo is the gravity disturbance at sea.

We assume the following conditions related to data and their gradients along the coastline:
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where ∇ is the gradient operator. Gravity disturbances on the coastline are considered equal to the
gravity anomalies, which is possible of course if the sea surface topography is known with enough
accuracy.

Now we will show that conditions (7) are closely related to the condition on the coastline in (6) and
that, infact, the coastline condition (6) is satisfied under the assumption of eq. (7) and T1=0. As usual,
we assume that the first degree term T1 is zero, i.e., we place the coordinate system in the centre of the
Earth. Let  P=L+M. The operator P could be simply interpreted as merging data on land and at sea.
From eqs. (7) and (4) we can immediately obtain

coastlinetheongACgAC SL δ∆ = .                                                                        (8)

Applying the L (or P-M) and then the (A+2)S operators to both sides of (8), we obtain
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or, equivqlwntly

               0}gSMAC)2A(gSL)2A{(}gPACg)IAC(L{S)2A( SLSL =++++−−+ δ∆δ∆ .                (9c)

Taking into account that on the coastline we have LAC∆gl=LACδgo we have:

0}gSMAC)2A(gSL)2A){(11( ol =+++− δ∆ .                                                                           (10)

It is clear that the equation in brackets could have any value. Now we can assume that

1ol T)2A(gSMAC)2A(gSL)2A( +−=+++ δ∆ .                                                                           (11)

Using (4) we see that the condition (11) is equal to the compatibility condition (eq. 6) along the
coastline in Svensson’s representation of the AGBVP II. Thus it makes sense to use conditions (7) for
smoothing the data along the coastline. Wavelets can then be used as multiscale differential operators to
investigate the influence of smoothness compatibility conditions on data.

4. APPLICATION OF WAVELETS FOR DETECTING IRREGULARITIES ALONG THE
COASTLINE AND AS MULTISCALE DIFFERENTIAL OPERATOR

The properties of wavelets to give not only the frequencies of a signal but also their spatial distribution
in different scales can be used to detect discrepancies between different data along the coastline. We can
use a wavelet decomposition and reconstruction to place smoothness compatibility conditions on the
data and the boundary along the coastline. After the decomposition up to certain level, we could
eliminate irregularities along the coastline in the high frequency part of the decomposition. This is
equivalent to putting constrains on the n-th derivatives (i.e., we use smoothness conditions). The
necessary and sufficient condition for a wavelet transform to be an n-order multiscale differential
operator is the corresponding wavelet to have n vanishing moments (Mallat, 1998). It is known that
Daubechies wavelets of order N have N-1 vanishing moments. Wavelet decomposition and
reconstruction let us restrict the vertical, horizontal and diagonal coefficients up to certain level for
every level of decomposition. The threshold value is determined as an average value of all detail
coefficients, excluding the values along the coastline. These constrains mean that we have implicitly
used additional smoothness conditions on the derivatives of the solution. Restricting the detail



coefficients on the coastline means that we force the horizontal gradients of the signal both on land and
at sea to be equal and to have as values, the average values for every level of decomposition. These
restrictions are only for points which are close to the coastline. The signal far from the coastal region
remains unchanged. Using this procedure we can expect that the irregularities along the coastline will
be smoothed and this smoothing will affect the coastal region. A numerical experiment has been
conducted to investigate the effect of smoothness compatibility conditions on the data and on the final
geoid solution.

5. NUMERICAL EXPERIMENT INVESTIGATING THE INFLUENCE OF COMPATIBILITY
CONDITIONS ON THE SOLUTION OF AGBVP II

Gravity data on land and gravity data derived from altimetry  (provided by KMS – solution KMS99) at
sea have been used in the region of Newfoundland, Eastern coast of Canada, for the numerical solution
of  AGBVP II, applying smoothness conditions along the coastline using wavelets. To show more
details along the coastline, some results are presented in a smaller window (see Figure 1).

OCEAN AND LAND AREA

Figure 1. Area under investigation.

In the numerical experiment, “Daubechies 4” wavelet decomposition up to third level has been used to
detect existing irregularities between both data types and to place additional compatibility conditions on
the data along the coastline.

Figure 2 shows the ability of “Daubechies 4” wavelets to detect irregularities between different types
of data along the coastline. It is obvious that the greatest values of wavelet coefficients are along the
coastline. After this, an investigation of the influence of these conditions on the final geoid solution in
the coastal region is conducted. The statistics for the original and smoothed data and for their
differences are presented in Table 1, Table 2 and Table 3.



max min mean rms std

97.255 -67.812 -0.927 9.649 9.649

Table 1.  Original gravity anomaly residuals referenced to EGM96. Unit: [mGal].

max min mean rms std

83.894 -65.542 -0.924 9.645 9.601
Table 2. Smoothed gravity anomaly residuals referenced to EGM96 Unit: [mGal].

-3

-2

-1

0

1

2

3

LONGITUDE

LA
TI

TU
D

E

298 301.5 305 308.5 312

57

53.5

50

46.5

43

mGal 

Figure 2. Magnitude of diagonal detail coefficients after the first level of “Daubechies 4” wavelet
decomposition.

max min mean rms std

42.489 -38.537 0.001 1.761 1.761

Table 3. Residual gravity anomaly differences (smoothed-original). Unit: [mGal].

Smoothed gravity anomaly residuals are a result of placing compatibility conditions along the
coastline using “Deubeshie 4” wavelet decomposition and reconstruction. It is evident that the mean,
rms and standard deviation are not changed significantly. In general, the signal is not changed except
along the coastline. The discrepancies between the land and KMS gravity data are clearly visible along
the coastline (see Figure 3). Wavelets have been applied to smooth these discrepancies. It is evident that
the irregularities have been smoothed along the coastline, but for the areas away from the coastline there
are no changes. Applied such a smoothing procedure influences only the coastal area. The differences
between smoothed and original data are given in Figure 5.



The differences in the entire area range between –39 mGal and 43 mGal. The colour graphs are only
for the zoomed area and have been choosen to show more details along the coastline.  It is clear that the
corrections to the original data to get smoother data along the coastline are concentrated along the
coastline. Both original and smoothed data were used to determine the geoid heights in the area under
study. The differences between these two solutions give us information about the influence of the
compatibility conditions on the final geoid solution for the region of investigation.  The statistics for the
final geoid solutions using original and smoothed gravity anomalies are given in Table 4, Table 5 and
Table 6.

max min mean rms std

0.711 -0.845 -0.045 0.189 0.183

Table 4.  Original  residual geoid heights.  Unit: [m].
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Figure 3.  Original land gravity and gravity data from altimetry in the area under study.
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Figure 4.  Smoothed along the coastline land gravity and gravity data from altimetry in the area under
study.
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Figure 5.  Differences between original and smoothed land gravity and gravity data from altimetry in
the area under study.

max min mean rms std



0.719 -0.844 -0.045 0.188 0.183

Table 5. Smoothed residual geoid  heights. Unit: [m].

max min mean rms std

0.045 -0.050 0.000 0.001 0.001

Table 6. Residual geoid heights differences (smoothed-original). Unit: [m].

The differences between the residual geoid heights derived from original residual gravity anomalies
and residual geoid heights derived from smoothed residual gravity anomalies show that the smoothing
along the coastline does not change the statistics of the entire area. The effect of smoothness is only
along the coastline. The magnitude of the effect of the smoothness conditions is between –5 and +5 cm.
There are greater values than these but they are due to edge effects. Smoothing again does not change
the mean and rms of the geoid results in the area under study but only the values along the coastline (see
Figures 6 and 7).



Figure 6.  Positive effect of smoothness conditions on the points along the coastline.

Figure 7.  Negative effect of smoothness conditions on the points along the coastline.
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6. CONCLUSIONS

Wavelet transforms using wavelets with n-vanishing moments can be used successfully for detecting
irregularities along the coastline and for smoothing  data (compatibility conditions along the coastline).

To smooth the data along the coastline, we should restrict the detail coefficients in every level of
decomposition to a certain value. The threshold value could be the average of all detail coefficients,
excluding the values along the coastline.

The differences between smoothed and original gravity anomalies were -39 mGal and 43 mGal for
entire area.  After the smoothing procedure, the greatest differences were located mostly along the
coastline. For areas away from the coastline the differences are negligible, i.e., the used smoothing
procedure has influence only along the coastline.

The effect of smoothness on the final geoid solution along the coastline is between –5 cm and  +5 cm
in our test area. There is no effect on the regions away from the coastline, except for edge effects.

Although the smoothness effect is not large in this area, the final geoid solution using smoothness
conditions along the coastline is theoretically closer to the classical solution.

A numerical solution of an AGBVP should take into account the compatibility conditions along the
coastline, especially for cm-level geoid determination.

A possible solution of the AGBVP can be given with application of wavelet base functions (Goswami
and Chan, 1999) and cosine base functions (Mallat, 1998). The main advantage of this type of solution
is that the compatibility conditions could be established in the space domain using the spatial
distribution of the frequency content of the data. Using wavelets, the solution could be found using
multiresolution analysis (MRA) and for cosine base functions the advantage of local scaled cosine base
functions could be used.

The area under study is characterized by a flat topography. It is expected that in regions with
mountains along the coastline or in areas of rougher gravity field in general the smoothness effect will
be larger and should be investigated.
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ABSTRACT 
 
A new tidal model has been determined for the Aegean Sea based on the analysis of sea 
level data derived from tide gauge stations located at the surrounding Greek territory 
and the complex of the Aegean islands. The method used was a linear interpolation 
technique based on the inverse of the square of the distance of each evaluation point 
from the tidal station as an appropriate weight. The computation of the amplitute and 
phase lag of the main tidal constituents M2, S2, O1, and K1 has been carried out and 
the relevant maps have been derived. The validity of the model has been tested by 
correcting data of the GEOSAT and ERS-1 altimetric missions.  
 
 
1. INTRODUCTION 
 
Ocean tides have a significant effect on the altimeter data, especially in open sea, and 
tidal models are of  main importance in marine geoid modeling. In closed sea areas such 
as the Mediterranean, global tidal models are not valid, since they fail to represent the 
reality. 

The Aegean sea is a very interesting basin from the tidal point of view, due to its 
shape, its anomalous bathymetry, and the large number of the islands within it. In this 
paper, a new tidal model for the Aegean Sea is proposed, concerning the main tidal 
constituents M2, S2, O1, K1. Furthermore the corresponding tidal maps are presented. 
The resulting parameters for diurnal and semidiurnal waves were obtained from the 
analysis of original tide gauge data. The tidal maps were created by interpolation of the 
tidal parameters (amplitude and phase lag) and the validation of the model is carried out 
by correcting altimeter data of the GEOSAT and ERS-1 altimetric missions. 

The following sections describe: (a) the data used, (b) the analysis of the tidal 
data, (c) the tidal model developed, (d) the procedure of the tidal correction of the 
altimeter data, and (e) the evaluation of the correction through the crossover and 
collinear analysis of the altimeter data. 
 
 
2. DATA USED 
 
The data available in the Aegean Sea consist of tide gauge and satellite altimetry ones. 



 
Tide gauge data 
 
Tidal records from 7 floating type tide gauge stations (hourly values) from 1986 until 
1987, and 2 digital-type tide gauge stations were analyzed. These floating type tide 
gauge stations are evenly distributed in the Aegean Sea, belonging to and controlled by 
the Hellenic Navy Hydrographic Service (H.N.H.S.) (Arabelos and Spatalas 1992, 
Spatalas 1995). Data have been digitized from analog recordings by H.N.H.S. There are 
many gaps in these data files and consequently the recording period for some stations is 
shorter than two years. 
 Since 1989, two other digital-type tide gauge stations have been installed and 
maintained by the Department of Geodesy and Surveying, University of Thessaloniki 
(Spatalas, 1995), also the location of one of them coincides with that of one of the 
floating-type stations (harbor of Thessaloniki) for comparison purposes, while the 
second one is installed in Platamon, southern of the city of Katerini. Table 1 
summarizes the tidal data used. 
 
Table 1. The actual time interval covered by the available tide gauge data 
 

Station Latitude ( ) ϕ Longitude( ) λ Years Days Readings 
Thessaloniki 40.636500 22.917500 2.0 728 17472 
Alexandroupolis 40.833333 25.883333 2.0 728 15168 
Platamon 39.946000 22.718000 1.1 391 5376 
Hios 38.366666 26.150000 2.0 724 14736 
Piraeus 37.933333 23.616667 2.0 720 15888 
Syros 37.433333 24.950000 2.0 728 14838 
Leros 37.170300 26.885100 2.0 728 16752 
Souda 35.483330 24.083333 1.1 391 7728 

 
 The rms error of these data, according to the data accuracy estimation method by 
Wenzel (1976), varies from ±1.8 to ±3.9 cm. 
 
 
Satellite altimeter data 
 
GEOSAT DATA 
A number of 3843 sub-satellite points from 142 tracks is available for the test area 
covering the time interval from November 9, 1986 to December 16, 1987. The 
GEOSAT altimeter data belong to the ERM unclassified operational period of 
GEOSAT and cover the area . The contribution of the 
geopotential model IfE88 was subtracted (Wenzel 1998). 

oooo 2823 ,4136 ≤λ≤≤ϕ≤

 
ERS-1 (ERM) DATA 
After a validation procedure applied to the ERS-1 (ERM) data in order to detect and 
remove outliers from the altimeter data (mainly points on land or close to the coasts) a 
number of 208 sub-satellite points from 4 tracks is available for the test area covering 



the time interval from November 26, 1991 to November 29, 1991. The contribution of 
the OSU 91 geopotential model was subtracted. The mean value and the s.d. of the 
reduced altimeter heights are 1.24 and 0.75 m, respectively. 
 
 
3. TIDAL DATA ANALYSIS 
 
For the analysis of the tidal data, two FORTRAN programs were used: The ETERNA 
software (H. G. WENZEL, pers. comm. 1990) and the SV software (A. P. Venedikov, 
pers. comm. 1991). To filter out non-tidal long-period frequencies, two low-pass filters 
were used: Pertzev’s low-pass filter (59 coefficients) in the case of ETERNA and a 48 
hour low-pass filter Venedikov (1983), in the case of SV. In both cases, the Cartwright-
Tayler-Edden tidal potential development was used (Cartwright and Edden 1973). The 
poor quality and the limited time interval of the available tide gauge data do not permit 
the estimation of parameters of the long period waves. For this reason, parameters were 
computed only for the diurnal and semidiurnal waves. According to the experiments 
conducted, the results of  the data analysis, using the ETERNA and SV software 
programs, are in a good agreement. The analysis of the data show that the maximum 
amplitude for the M2 dominant constituent was computed in Thessaloniki (North 
Aegean) and it was equal to 9 cm, while the minimum value of the amplitude for the 
M2 constituent was computed in Souda (South Aegean) and it was equal to 1 cm. The 
s.d. of the estimation of the diurnal and semidiurnal waves was ±1.38 cm and ±2.99 cm 
respectively. The estimation of the accuracy was carried out by a least squares method. 
 
 
4. THE TIDAL MODEL 
 
Based on the tidal parameters of these 8 tide gauge stations, obtained from the analysis 
of the tidal data, the tidal model was created by interpolating the parameters at every 
point of the Aegean Sea and taking into account the narrow tidal effect in this sea area. 
The method used was a linear interpolation technique based on the inverse of the square 
of the distance of each evaluation point from the tidal station as an appropriate weight 
(Fig. 1-8). The maximum value of the tidal correction applied to altimetric data was of 
the order of 10 cm for the northern region of the Aegean sea, especially for the 
Thermaikos gulf. The minimum value, at the 2 cm level, is located in the sea area of 
northern Crete. 
 Figures 1-8 present contour maps of the amplitude and the corresponding phase 
difference of M2, S2, O1 and K1 constituents. 
 



 









5. VALIDATION OF THE TIDAL MODEL 
 
The validity of the model has been tested by correcting altimetric data of the GEOSAT 
and ERS-1 missions. The altimetric data were studied before and after the tidal 
correction.  

The altimetry data tidal correction, in the case of GEOSAT, was carried out in 
two ways: (1) By directly using tidal corrections interpolated from the original data and 
(2) By computing the corresponding corrections from tidal parameters interpolated at 
the time of each sub-satellite point from the parameters of the 8 tide gauge stations. 
 Concerning the first case only the data of the floating type stations were used, 
since the data of the digital type station (Platamon) cover a different time period. The 
interpolation was performed in two steps. During the first step, tidal corrections were 
interpolated at the 7 tide gauge stations at the time of each sub-satellite point. Then,  
these tidal corrections values were computed in the position of each sub-satellite point. 
The inverse distance weighted mean was used as interpolation method. The mean sea 
level value computed from the analysis of the data at each station was subtracted from 
the original tidal recordings. 
 Following the second way, amplitude and phase values were interpolated in each 
sub-satellite point using the inverse distance weighted mean algorithm. In each sub-
satellite point, simultaneously with the interpolated parameters, tidal corrections were 
computed employing a FORTRAN program based on the formulas given by Wenzel 
(1976). 
 In the case of ERS-1 altimeter data the first method could not be applied due to 
the different time period covered by the original tide gauge and altimeter data. 
 The effectiveness of the tidal correction was evaluated by comparing the 
statistics of the crossover and collinear analysis of the altimeter data before and after the 
tidal correction.  
 
Crossover analysis of GEOSAT altimeter data (with and without the tidal 
correction) 
 

A bias crossover adjustment was performed to the altimeter data before and after the 
application of the tidal correction. The GEOSAT altimeter data cover the area 

. The contribution of the geopotential model IfE88 was 
subtracted. The results of the corresponding crossover analysis are summarized in Table 
2. 

oooo 2823 ,4136 ≤λ≤≤ϕ≤

 

Table 2. Results of the crossover analysis of the GEOSAT altimeter data in the Aegean 
Sea ( ) before and after the tidal corrections oooo 2823 ,4136 ≤λ≤≤ϕ≤
 

 Without With tidal 
correction 

With tidal 
correction 

With tidal 
correction 

 Tidal correction (directly) M2 only Semi diurnal 
 Mean Std. Dev. Mean Std. Dev. Mean Std. Dev. Mean Std. Dev. 
 (m) (m) (m) (m) (m) (m) (m) (m) 

A 5.510 ±2.381 5.509 ±2.375 5.517 ±2.377 5.513 ±2.376 
B -3.760 ±4.033 -3.783 ±4.026 -3.748 ±4.021 -3.748 ±4.019 
C -0.009 ±0.072 0.000 ±0.047 -0.007 ±0.063 -0.006 ±0.061 

A= original observations (GEOSAT-IfE88) 
B= crossover differences before the adjustment 
C= crossover differences after bias adjustment 



 
 These results show that the main improvement in terms of the standard deviation 
of the bias-adjusted crossover differences, appear in the case of the direct tidal 
correction (it decreases from 7.2 cm to 4.7 cm). It should be noted, that in the case of 
the direct correction, other ocean effects (currents, atmospheric pressure etc) beside 
tides are been taken into account as well (see Arabelos and Spatalas 1992). On the other 
hand, the main improvement in terms of the standard deviation of the non-adjusted 
crossover differences appears when the tidal correction is made by taking into account 
the four semidiurnal constituents (it decreases from 4.033 to 4.019 m). It is also 
remarkable that the main effect is the contribution of M2 waves since the improvement 
due to the addition of the three other semidiurnal constituents is of the order of a few 
mm. 
 
Collinear analysis of GEOSAT altimeter data (with and without tidal correction) 
 
The results of the tidal correction of altimeter data could be assessed also through their 
collinear analysis. More detailed about the collinear procedure are given by Arabelos 
and Spatalas (1992) and Arabelos et al. (1994). For the altimeter data described before, 
the statistics of the collinear analysis are summarized in  Table 3. The statistics concern 
the mean value and the standard deviation of the height differences between collinear 
tracks before and after tidal correction. There are 71 ascending and 71 descending 
tracks resulting in four main arcs further on called as A, B, C, and D. 
 
Table 3. Results of the collinear analysis of the GEOSAT (ERM) altimeter data in the 

Aegean Sea ( ) before and after tidal corrections oooo 2823 ,4136 ≤λ≤≤ϕ≤
 

 Without With tidal 
correction 

With tidal 
correction 

With tidal 
correction 

 Tidal correction (directly) M2 only Semi diurnal 
 Mean Std. Dev. Mean Std. Dev. Mean Std. Dev. Mean Std. Dev. 

Arc (m) (m) (m) (m) (m) (m) (m) (m) 
A 2.53 ±0.96 2.52 ±0.91 2.53 ±0.96 2.53 ±0.96 
B 7.87 ±1.47 7.87 ±1.44 7.87 ±1.47 7.87 ±1.46 
C 4.18 ±1.13 4.17 ±1.13 4.19 ±1.13 4.19 ±1.13 
D 7.77 ±1.33 7.78 ±1.33 7.78 ±1.33 7.78 ±1.33 

 
The main improvement in terms of the standard deviation of the height 

differences between collinear tracks appears in arc A (a decrease equal to 5 cm) in the 
case of the direct tidal correction. Minor improvements appear in the other cases. 

 
Collinear analysis of ERS-1 altimeter data (with and without tidal correction) 
 
The crossover analysis of the available ERS-1 (ERM) altimeter data was not possible to 
be carried out due to the lack of intersection points between ascending and descending 
arcs in the area under consideration. For this reason only a collinear analysis was 
performed and the results are given in Table 4. 
 



Table 4. Results of the collinear analysis of the ERS-1 (ERM) altimeter data in the 
Aegean Sea before and after tidal correction 
 

 Without With tidal correction 
 Tidal correction Semi diurnal 
 Mean Std. Dev. Mean Std. Dev. 

Arc (m) (m) (m) (m) 
A 1.32 ±0.75 1.30 ±0.75 
B 1.15 ±0.51 1.13 ±0.49 

 
From the results of Table 4 an improvement in the standard deviation of the 
discrepancies in arc B is apparent. There is also a 2 cm improvement in terms of the 
“mean” value for both arcs. 
 
 
6. CONCLUSIONS 
 
A new tidal model has been determined for the Aegean Sea based on the analysis of sea 
level data derived from tide gauge stations. The computation of the amplitute and phase 
lag of the main tidal constituents M2, S2, O1, K1 has been carried out and the relevant 
maps have been derived. The validity of the model was performed by using GEOSAT 
(ERM) and ERS-1 (ERM) altimeter data. Altimeter data were analyzed before and after 
applying tidal corrections in the Aegean Sea. The tidal corrections were computed 
either by interpolating original tide gauge data reduced to mean sea level or by 
interpolating tidal parameters derived from the analysis of the original data. Future 
improvement of the model is expected by using additional tide gauge data. 
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