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Abstract

Four well-known and qualified algorithms for the computation of the Earth’s
gravitational potential and its first and second gradients are examined and
compared. Their characteristics are analysed with reference to the com-
putational requirements of the global geopotential estimation process from
satellite gradiometry. Numerical tests have been performed in order to as-
sess and compare the efficiency, accuracy and precision of the algorithms.
The algorithm of Clenshaw has shown to be by far the most efficient and
therefore the most suitable for implementation and use when dealing with
large amounts of observations.

Keywords: Spherical harmonic synthesis; Associated Legendre Functions; Helmholtz
Polynomials; Clenshaw summation method

1 Introduction

The computation of the Earth’s gravitational potential and its derivatives is a problem
of interest to many applications in geophysics and geodesy. With reference to satellite
gravity gradiometry, the phase of harmonic synthesis and least squares adjustment for
geopotential and gravity gradient estimation is of major concern when dealing with
large amounts of observations (of the order of 10%) and high resolution (of the order of
9 - 10* Stokes coefficients) gravity models to be solved for: aspects such as numerical
accuracy and computational performance are an issue of primary importance and must
be carefully and critically addressed.

Following Bettadpur et al. (1992), we can identify three areas of concern in general
spherical harmonic synthesis: the selection of a potential formulation (including the
choice of the coordinate system describing the position of the observation points), the
selection of the algorithms for the recursive computation of the Associated Legendre
Functions (ALFs) and, finally, the issue of arrangement of the computations for the
best performance on a given computer architecture.

In the past great attention has been given by several authors to the algorithms
for the computation of the geopotential and its derivatives. In this work we have
selected, examined and compared four among the most qualified and well-known an-
alytical methods for the computation of the gravitational potential and its deriva-
tives. They are: the traditional forward column recursion in spherical coordinates;
the method proposed by Pines (1973) based on Helmholtz Polynomials (HPs) in rect-
angular Earth-fixed cartesian coordinates (and here presented as a forward column
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recursion method); the method developed by Cunningham (1970) and more recently
reintroduced by Metris et al. (1999) consisting in a downward recursion on a complex
operator of derivation in rectangular Earth-fixed cartesian coordinates; a backward
recurrence method based on the Clenshaw summation formula (Press et al., 1992;
Tscherning and Poder, 1982) in spherical coordinates. Note that the two methods in
cartesian Earth-fixed coordinates (i.e., Pines and Cunningham-Metris) are singularity-
free at the poles.

After a general introduction to the geopotential and its derivatives and the definition
of the coordinate systems and transformations (Section 2), a description of the four
algorithms is provided (Sections 3 to 6). Section 7 presents and describes a set of
numerical tests applied to each algorithm, aiming at assessing numerical efficiency,
relative numerical precision and numerical accuracy. The results of the comparison
are discussed in Section 8.

2 The Earth’s gravitational potential and its gradients

The gravitational potential V' at a point P above the surface of the Earth can be
written as a spherical harmonic expansion (Heiskanen and Moritz, 1967)

V(P) = %Z% (%) 0an(sin @) (Crm cos mA + Sy, sinm) (1)

m=

where r, ¢ and ) are the spherical coordinates of P representing geocentric radius,
latitude and longitude respectively, a is the mean Earth’s radius, p is the Earth’s
gravitational parameter (4 = GMg), Cpy and Sy, are the fully normalized Stokes

coefficients of the gravity field and P, (sin ¢) is the fully normalized Associated Leg-
endre Function (fnALF) of the first kind of degree n and order m:

o 1 dn+m
Pom(sin ) = Pum(@) = Num [

nl27 d(sin p)ntm

(sin? o — 1" @)
with the full normalization factor

N, = \/(2 — Oo,m)(2n +1)(n — m)!' 3)

(n+m)!

In practice the expansion (1) is truncated at a maximum degree N, which determines
the resolution of the gravity model. In this work we set N = 360. For issues such as
the numerical stability of the recurrence relations employed for evaluating spherical
harmonics of ultra-high degree and order (e.g., N = 2700) the reader is referred to
Holmes and Featherstone (2002).

The gravitational potential V' is a scalar field and as such can be regarded as a tensor
of rank 0. The first gravity gradient VV is a tensor of rank 1 (a vector), the second
gravity gradient VVV is a tensor of rank 2. Now let us consider two generalized
coordinate systems u? and z%. The transformations that affect a covariant and a
contravariant tensor of rank 1, T}, and T* respectively, under change of coordinates



Figure 1: Relation between the spherical local coordinate system and the rectangular
Earth-fixed coordinate system.

from wP to 27 are
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Similarly, for a covariant and a contravariant rank 2 tensor, Tj,; and T* respectively,

we have: - S
Tu=(55) (55 ) T
ozk oz! (5)
Tkl — a—xk axl Tlmn.
ou™ ou™

In this work we use two reference frames, the first a cartesian, Earth-centred, Earth-
fixed frame with orthonormal vector basis (ij,is,i3); the second a spherical local frame,
centred at P(\,p,r) with orthonormal vector basis (e;,e2,e3) which coincide with the
East (e), North (n) and radial directions (r) respectively (see Fig. 1).

In order to perform numerical comparisons among the algorithms we will apply the
transformation of the first and second gravity gradient tensors from cartesian Earth-
fixed coordinates to spherical coordinates. Introduce the transformation z? = z? (u9)
between spherical local and rectangular Earth-fixed coordinates:

T =T COS Y COoS A
y=rcospsin A (6)

z=rsine.
The associated Jacobian matrix 0z?/0u? is

—sin A cos A 0
—sinpcos A —singsin\ cosp | . (7)
CcoS(pCcosA  cospsin A sinp

The transformations (4) and (5) from spherical to cartesian Earth-fixed coordinates
as applied to the first and second gravity gradient tensors are provided in Tables 1



Table 1: The first gravity gradient: rotation of the physical components from cartesian
Earth-fixed to spherical local coordinates.

Va = —VasinA+V,cosA
Vo = —VicosAsing—V,sinAsing +V, cosp
Vi = VzcosAcosgp+ VycospsinA+V, sing

Table 2: The second gravity gradient: rotation of the physical components from
cartesian Earth-fixed to spherical local coordinates.

Vax = Vizsin® X — Vpy sin 2X + Vjy cos® A

e = (Voo —Vyy)sinAcosAsing — Vyy cos2Asing + (V, cos A — V,; sin A) cos ¢

Voo = (Vigcos? X+ Vyysin2X + Vy, sin® A) sin® ¢ — (V. cos A + Vj; sin \) sin 2 + V., cos? ¢
Varb = [~VazsinAcosp + V; sing + Vi, sin A cos @] cos A + Vg c0s p cos 2X — Vo, sin Asin ¢
Vor = (sz — Vg €082 X — Vi sin2X =V, sin? /\) sin2¢/2 + (Vg cos A + V,, sin ) cos 2¢
Vir = (Vagcos? X + Vyysin® X + Vyy sin 2X) cos? ¢ + (V. cos A + Vjy, sin ) sin 2¢ + V., sin® ¢

and 2: there the tensor components are physical components, i.e., components with
respect to the orthonormal vector basis of the corresponding coordinate system.

3 Forward column recursion in spherical coordinates

The most direct and traditional approach for evaluating the gravitational potential
uses recursions on Associated Legendre Functions. The physical components of the
first and second gravity gradients have the form reported in Table 3. The partial
derivatives that appear there are obtained by differentiating Eq. (1) with respect to
A, ¢ and r accordingly. Their full expressions can be found in Xu (2003) and Ditmar
and Klees (2002).

The standard way of evaluating the fnALFs and their derivatives is by recursion.
There are numerous recurrence relations, reproduced for example in Abramowitz and
Stegun (1964): there are recurrences on n alone, on m alone, and on both n and

Table 3: Physical components of the first and second gravity gradients in local spher-
ical coordinates.

1 1
Va = N4 Ve = -0,V
7 COS r
1 1
V. = 0,V Vaiv = 55— (8,\>‘V +rcos? 9d,V — =sin 2<p6¢V)
T4 Ccos® 2
1 1
V)\‘p = m (B,WV -+ tan (pa,\V) V‘p‘p = 7‘_2 (6¢¢V + T'aTV)
1 1 1 1
Vasr = (8>\TV — —BAV) Vor = - (8¢TV - —&PV)
7 COS r r r
Ver = 61‘1"




m simultaneously. Most of the recurrences involving m are unstable and therefore
dangerous for numerical work. The most commonly adopted procedure to produce a
set of fnALFs complete to degree and order N follows the very well known forward
column recursion (FCR) scheme on n (Hobson, 1965), which starts from the initial-
ization Pyy(¢) = 1 and then computes the sectorial terms (m = n with n > 1) by
means of

an (90) = fncos @Fn—l,n—l (QO) (8)
with

The remaining terms (zonals and tesserals with 0 < m < n — 1) are obtained from

P () = Gum S0 ©Pn1,m(9) = humPram(9), n>m (10)
where
_[@n+1)@2n-1)
gnm_\/(n-l—m)(n—m) (1)
L :\/(2n+1)(n—m—1)(n+m—1) _ Ym
"m (2n —3)(n+ m)(n —m) In1m

while the MALFs with m > n are defined to be zero. The first derivatives of the
fnALFs with respect to ¢ are given by (Ilk, 1983):

dﬁnm (90)
dyp

= mtan P, (¢) — knmPrmi1(0) (12)

where

2= bdom)n—m)(n+m+1)
k"’”_\/ 2

Differentiating Eq. (12) with respect to ¢ yields the second derivatives:

. (13)

FPunl€) _ 1 (mtan? o + 566? ) Pan() — (2m + Dl b0 ¢ Py ()
d(pQ " (2 2 nm\ P nm Y Fnmt1(@P (14)
+jnmPn,m+2(90)
in which
P \/<2—50,m><n—m><n—m— Dintm+mtm+l) g

The input required by the algorithm is the gravity field model (Cpp, Spm With n, m =
0,..., N) and the position of K observation points (Py: Mg, @k, 7x With k = 1,..., K
and K > 1). Optimum performance is reached by first evaluating and storing the
normalization coefficients frm, Gnm Pnm, Jnm and kym [Egs. (9), (11), (13) and (15)],
then the latitude-dependent functions, i.e., the P,,, and their derivatives dPpm /dp
and d?P,,,/dy? [Egs. (8), (10), (12) and (14)]; finally, for the given ), the sums which
yield the various partial derivatives of V' are accumulated. This arrangement ensures
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Figure 2: Left: mixed strides recursion algorithm. Right: forward column recursion
scheme.

higher efficiency when dealing with data uniformly distributed on a spherical grid and
accessed per parallel.

We implemented this algorithm in a Fortran90 computer code, named LEGENDRE _a,
that, given the fully normalized Stokes coefficients of the gravity model and the po-
sition of the observation points, computes the gravitational potential and its first
and second gradients in the (e;,eq,e3) orthonormal basis. Another implementation of
the same algorithm was kindly provided by F. Sansé (Politecnico di Milano, PoliMi)
in the form of a dynamic link library (DLL) running under Matlab. We named it
LEGENDRE_b.

4 The method of Helmholtz polynomials in Earth-fixed cartesian coordi-
nates

In the work published by S. Pines in 1973 and later revised by Spencer (1976) the
potential and its first and second gradients are computed in rectangular Earth-fixed
coordinates. The algorithm developed by Pines uses Helmholtz Polynomials A,,, (u)
(Balmino et al., 1990) instead of ALFs

1 dn—l—m
= nl2n dunm

Anm(u) (U2 - 1)n (16)

and the coordinates of the observation points are given by the components s, ¢t and u
of the geocentric unit position vector, supplemented by the geocentric distance r. The
kthderivative of the Helmholtz Polynomial of degree n and order m is the Helmholtz
Polynomial of degree n and order (m + k):

d* A (1)

The author presented a recursion for the computation of the A,,, which, starting
from the initialization Ag(u) = 1 (which follows from P, = 1), first fills in the
diagonal (sectorial terms, m = n with n > 1) and then yields the remaining zonal
and tesseral terms (0 < m < n — 2) through a “mixed strides” recursion: away
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from the diagonal each polynomial is a linear combination of polynomials of different
degree/order, therefore not on the same stride (row/column) (Fig. 2). This recipe is
presented as a stable recursion. However, since we are basing our computations on
fully normalized Stokes coefficients, appropriate normalization factors must be applied.
The fully normalized Helmholtz Polynomial (fnHPs) A,,,(u) of degree n and order m

R ! as)

From our numerical experiments, we found that Pines’ recursion scheme, as applied
to the fnHPs, is strongly unstable. Fig. 3 illustrates a comparison with the results
obtained by application of the traditional FCR scheme (N = 360), which on the
contrary is very stable. As a consequence, we replaced the MSR scheme proposed by
Pines with the FCR algorithm.

Written as a series expansion (truncated at a maximum degree N) in fnHPs, the
Earth’s gravitational potential V' at a point P (z,y, z) in outer space is:

V(P)=V(z,y,2z) = V(s,t,u,r) an ZAnm (s,t) (19)

pn being a recursively-defined function of 7 and Dy, (s,t) a so-called fully normalized
mass coefficient function which depends on some trigonometric functions r,, and i,
of X and the Stokes coefficients. By application of the chain rule of differentiation,
the operators of derivation of the gravitational potential with respect to the cartesian
Earth-fixed coordinates z, y, z of P can be written as a function of the operators of
derivation with respect to s, ¢, v and r. Finally, the first and second gravity gradients,
VV and VVV | in Earth-fixed cartesian coordinates are given by

Ve=ua1+ say
Vz,/ =ao + ta4 (20)
V; =a3 + uay

V;m =a1 + 28&14 + Cl4/7” + 82a44 — 82CL4/7‘
wa =a12 + sta44 —+ SQ94 + ta14 — sta4/7°
Viy = G20 + 2tasy + aa /7 + tPass — t*as /7
sz = Q13 + SUG4q + SA34 + UA14 — S’LLCL4/7‘
Vyz = Q93 + tua44 + ta34 + uaoq — tua4/r
‘/zz =as3 + 2ua34 + 0,4/7' + u2a44 — u2a4/r

(21)

where a; (j = 1,4) and a;; (¢,j = 1,4) are partial sums, functions of four additional
mass coefficient functions and their derivatives. For the details of the method we refer
the reader to the original work by Pines (1973).

We implemented this algorithm in a Fortran90 computer code, named PINES, that,
given the fully normalized Stokes coefficients of the gravity model and the Earth-
fixed rectangular coordinates z, y, z of K observation points P, (kK = 1,..., K and
K > 1), determines the gravitational potential and its first and second gradients.
Best performance is reached by first evaluating and storing the various normalization
coefficients, the functions p,,, r,,, and 4,,; then, the latitude dependent quantities, i.e.,
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Hglmhohz polynomials: log10 of relative error of MSR wrt FCR

0 50 100 150 200 250 300 350
m

Figure 3: Logy of the relative difference between the Helmholtz polynomials as com-
puted with the FCR algorithm and with the MSR scheme: the difference grows larger
with increasing degree (downwards) and decreasing order (backwards) proving that
the MSR algorithm is highly unstable.

the Helmholtz polynomials A,,, and their derivatives dA,,,/du and d?A4,,,/du? are
computed; finally, for each s and ¢, the mass coefficient functions and their derivatives
are formed, and the partial sums a; and a;; are accumulated. This arrangement offers
higher efficiency when dealing with data distributed on a spherical grid and accessed
per parallel.

5 The method of Cunningham-Metris

The algorithm developed by Cunningham (1970) is based on the representation of the
gravitational potential in solid spherical harmonics V,,,,

P (sin ) (cosmA + isinmA)

Vi = 22)
which enter the expression of V' in the following way:
N n . .

V=Re|p> > a" (Com — iSum) Vam (23)

n=0 m=0

i being the imaginary unit. The V,,, can be expressed through the operators of
derivation 0/0z and (0/0z + i0/0y) and obey a downward recursion (Cunningham,
1970). Thanks to these two characteristics, any derivative of V,,,, can be written as a
simple linear combination of other V,,,,.

The work recently published by Metris et al. (1999) makes one step forward by
providing expressions for the derivatives of any order of V' itself.

G.Metris and his collaborators implemented this algorithm into a Fortran77 com-
puter programme which, given a set of fully normalized Stokes coefficients for the
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gravity model and the positions of the observation points, determines the gravita-
tional potential and its gradients of arbitrary order with respect to the Earth-fixed
coordinates x,y and z. The source code of this computer programme is available on
the web http://wwwrc.obs-azur.fr/cerga/mecanique/potential. We upgraded it from
single to double floating point precision and from Fortran77 to Fortran90. In the
following it will be referred to as METRIS.

6 The method of Clenshaw summation

The algorithm developed by Clenshaw and known under the name of Clenshaw summa-
tion is a general method for computing sums of products between indexed coefficients
and functions which obey a three-term recurrence relation. It belongs to the class of
downward recurrence formulas. A general description of the algorithm can be found in
Press et al. (1992); its application to geodetic problems was discussed by Tscherning
and Poder (1982). Here we provide a derivation of the Clenshaw summation algorithm
applied to the evaluation of the geopotential and its first and second gradients.

Our implementation of the Clenshaw summation is based on the recursion rela-
tions (10) and (8) that form the backbone of the FCR algorithm for fnALFs. By
considering terms of equal order (therefore dropping the subscript m), the functions

ppn, are defined as
a

po =P () (24)

in which u = singp. After some algebraic manipulation, the three-term recurrence
relation (10) becomes

Pn = OpPp—1 — ﬂnpn—Z (25)

with initialization py = 1 and p; = oy, where o, = ug,ma/r and g, = (a/r)2 R, With
Gnm and hy,, given by Eq. (11). For every value of m there exists a set of coefficients

yﬁf ) such that

y%;“ ~ 0
Yn =Cn
N i i (26)
yp = Cs;) + Oén+1y£4)_1 - 5n+297(H)-2
yﬁfl) =iy + am+1y1(1?+1 - 5m+2yr(7?+2
where _
(z) _ gnm lf 1 = ]_
“n {Snm ifi=2 (27)
On defining the functions v$) as
N
vl =Y dp,, (28)
it can be shown that .
vl = y9p,, (29)



and

M N
Vir,e,A) = GT (vl cosmA + v sinm) . (30)

m=0
Note that only the sectorial fnALF's need to be computed and stored, and each term
in the sum over the orders [Eq. (30)] is the product of only two factors, i.e., the fnALF
of degree m and order m and the output yS of the recursion (26). This makes the
evaluation of the gravitational potential very efficient.

The first and second order partial derivatives of the gravitational potential V with
respect to the local spherical coordinates A\, ¢ and r of the observation point P can
be written in a form similar to Eq. (30) by introducing recursions on appropriate
“y” coefficients (Table 4) and defining the corresponding “v” terms (Table 5). Note
that some partial derivatives with respect to A make use of y coefficients and v terms
specifically developed for other derivatives. The final expressions for the first and
second order partial derivatives of V' with respect to spherical coordinates are given
in Table 6.

Table 4: Seed values (first and second column) and general three-term recursion (third
column) for each set of y coefficients. The subscript . ,, means for example that the
corresponding coefficient is employed in the computation of the second derivative of
V with respect to u. The quantity ¢ replaces the ratio a/r.

Yne =0 YN = yr) = & + uagni1 i1 — Chutzmyye

Ui, =0 o, =l yir = (4 1) + UgGns1,mYits » = Chnt2mYy o,
Ya=0 YV, = Y = QOnr1,mY o UGGt mYps = Chng2mYirs
yj(@rl,uu = y%),uu =0 Yruu = 2q9n+1,myff3rl,u + qun+1,myffll,uu - qzhn+z,myff3rzuu
yj(\’})Jrl,m =0 yj(\'}),m =0 s = qgn+1,myffil,r + qun+1,my7(:11,ur - q2hn+z,my§32,w
Ui =0 Y, =R W +2) g =D+ D)0+ 2) + udgnirm¥ sy — ChnrzmYes

Table 5: Definition of the v terms involved in the sums over the orders to obtain V'
and its derivatives. The subscript _,, means for example that the corresponding term
is employed in the computation of the second derivative of V' with respect to wu.

o = 4o Vi = U U
. . . ; . d

ol = fism e = (o + 5022 )
. . Ppy dp .
. d : .

U'r(rZL),ur = y'r(vi,)r% + yg?urpm USrZL),rr = 7(73),7'1'pm

We implemented this algorithm into a Fortran90 computer programme named CLFEN-
SHAW that, given the fully normalized Stokes coefficients of the gravity model and
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Table 6: The geopotential V' and its first and second order partial derivatives with
respect to spherical coordinates according to the Clenshaw summation scheme.

N N
v=~t Z (v%) cosmA + 1153) sin m)\) OV = £ m(v,(nl) sinmA — v,(g) cosmA)
r m=0 r m=0
cosp & N
8,V = 14 ¥ Z (v%?u cosmA + vg?u sin m/\) oV = —% Z (v%?r cosmA + vg?r sin m/\)
r m=0 r m=0
N cosp &
MV = 7% Z m2(v,(n1) cosmA + v sinmA) OV = B ., £ Z (”2,)Au sinm\ — vfj?)\u cosm/\)
m=0 m=0
peos? p o b
OppV = r z_: (U7(n%,)uu cosmA + Ug,)uu sin m)‘) OV = 2 Z_ (’U?(;,)/\r sinmA — Usr%,)/\v“ cos m)‘)
17\7,1—0 m=0
_psing Z ('usé,)u cosmA + 'us,%,)u sin m)\)
r m=0
M COS N 1 2 14 N 1 2
BprV = — 2 mZ:O (v,(n,)ur cosmA + vﬁn,)w sin m/\) OprV = pcs mzzo (vﬁn,)rr cos mA + vﬁn,)rr sin m/\)

the local spherical coordinates A, @k, 7 of K observation points P, (k = 1,..., K
and K > 1), determines the gravitational potential and its first and second gradi-
ents. Best performance is reached by first evaluating and storing the normalization
coefficients f,, gnm and h,,, and then computing the latitude-dependent quantities,
i.e., the sectorials P,,,, their derivatives dP,,m /du and d*P,,m /du? and the various
recursions on the y coefficients (Table 4); then, for each )\ the sums listed in Table 6
are accumulated. This arrangement offers higher efficiency when dealing with data
distributed on a spherical grid and accessed per parallel.

7 Numerical tests

We performed a set of numerical tests on the following computer programmes:

la. LEGENDRE_a (Fantino and Casotto, FC) implementing the FCR algorithm
based on fnALFs in Fortran90 (Section 3);

1b. LEGENDRE_b (PoliMi) implementing the FCR algorithm based on fnALFs as
a DLL running under Matlab (Section 3);

2. PINES (FC) implementing the FCR algorithm based on fnHPs in Fortran90
(Section 4);

3. METRIS (Metris et al.) implementing a downward recursion on solid spherical
harmonics in Fortran77 (Section 5);

4. CLENSHAW (FC) implementing the Clenshaw summation on fnALFs in For-
tran90 (Section 6).

All programmes have been provided with an interface which allows to select the simu-
lation parameters: the intervals (N7, Ny) and (M;, M) of spherical harmonic degrees
and orders to be considered, the gravity model (as a set of fully normalized Stokes
coefficients) and the type of input for the observation points, to be chosen between:
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e spherical grid at constant heigth A, extending over the longitude and latitude
intervals (A, Ay) and (g5, ¢s) with resolution AX and Agp respectively;

e previously computed positions over a satellite orbit and provided in the form of
binary input data.

Three simulation configurations have been adopted:

a) GRID: spherical grid of 64440 uniformly distributed observation points; simulation
parameters: h = 250 km, A\, = —179%, Ay = 180°, A\ = 1%, ¢, = —89°,
oy = 89°, Ap = 17 gravity model: EGM96; N; = 0, N, = 360, M; = 0,
M, = 360; simulated quantities: V', the three physical components of VV and
the six physical components of VVV;

b) ORBITI1: positions over a simulated orbit (Fig. 4) with semimajor axis of 6628
km, eccentricity of 0.002, inclination of 96.5° - corresponding to the orbital
parameters of the GOCE mission (ESA, 2000; Albertella et al., 2002) - and
angular elements precessing due to J»; the considered mission extends over 2-10°
s and is sampled at an interval of 31 s; gravity model: EGM96; N; = 0, N, =
360, M; = 0, My = 360; number of field points: 64440; simulated quantities: V/,
the three physical components of VI and the six physical components of VVV/;

c) ORBIT2: same as ORBIT1 but with a sampling rate of 1 observation per second,
as in the GOCE mission, resulting in 2 - 10° simulation points.

Satellite trace over the Earth

\

1 1 1 1
-150 -100 -50 0 50 100 150

Figure 4: Ground track of a simulated satellite orbit over the surface of the Earth.

All numerical tests have been run on a Pentium IV personal computer with 500 MB
of RAM and 1.3 GHz of processor speed.

Following the example of Holmes and Featherstone (2002), we have assessed the rel-
ative merits of the five programmes by testing their efficiency, precision and accuracy:
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Table 7: Execution times of the five codes for the three chosen simulation scenarios.
Note that LEGENDRE_b is interpreted, while the remaining software codes are all
compiled; this may explain its low performance. The execution times of ORBIT2 have
been extrapolated by scaling the performance of ORBIT1 according to the different
number of observation points.

CPU execution times

GRID ORBIT1 ORBIT2
Programme seconds hours seconds hours seconds hours
LEGENDRE_a (FC) 2390 0.7 2079 0.6 64449 179
LEGENDRE_b (PoliMi) 9793 2.7 9975 2.8 309225 85.9
PINES (FC) 5275 1.5 6306 1.8 195486  54.3
METRIS (Metris et al.) 3271 0.9 3418 0.9 105958 294
CLENSHAW (FC) 8 - 992 0.3 30752 8.5

the tests of efficiency compare the execution (CPU) times; the tests of numerical pre-
cision compare the numerical values of the gravitational potential V', the three compo-
nents of VV and the six components of VVV as computed in quadruple (REAL*16)
and double (REAL%*8) floating point precision; the tests of accuracy employ exact
analytic identities to perform self-validation of each individual code.

7.1 Numerical efficiency

The execution times of the first two simulation scenarios (i.e., GRID and ORBIT1),
supplemented by extrapolated estimates for the CPU times of the third case (OR-
BIT2), are shown in Table 7, which gives the performance of each algorithm in sec-
onds and hours. These execution times include I/O operations, which, however, are
arranged in an efficient way: the gravity tensor quantities are stored in binary files
made up of 179 records of 360 double precision numbers each and the output is up-
dated per record. The use of binary output is efficient also from the viewpoint of
storage space. The performance of the algorithm of Clenshaw on the GRID is three
orders of magnitude better than all the others: this is due to the very favourable
arrangement of the computations, which requires partial sums over the orders only.

7.2 Numerical precision

The numerical agreement among the results produced by each code has been verified
by first expressing all tensor components in the same coordinate system: since three
codes provide results in spherical coordinates and two work in cartesian coordinates,
we have chosen to transform from cartesian to spherical cooordinates (Tables 1 and
2).

The assessment of numerical precision has been obtained by compiling the method of
Clenshaw in quadruple floating point precision (CLENSHAW*16) and then computing
the relative differences with each algorithm in double floating point precision (i.e.,
LEGENDRE_a%8, LEGENDRE b8, PINES*8, METRIS*8 and CLENSHAW%8).
The adopted simulation configuration is GRID. The number of coinciding decimal
digits in each pair is shown in Figs. 5 to 9: the level of agreement within each pair
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Relative numerical precision:CLEE\lesHAWﬁG vs. FCR1*8
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Figure 5: Relative numerical precision between

CLENSHAW*16 and LEGENDRE_a*8 (denoted
FCR1%*8 in the plot).

Relative numerical precision:CLEE\lesHAWﬁG vs. PINES*8
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Figure 7: Relative numerical precision between
CLENSHAW*16 and PINES*8.
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Figure 9: Relative numerical precision between
CLENSHAW*16 and CLENSHAW*8.
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CLENSHAW*16 and LEGENDRE_b*8 (denoted
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Digits

Digits Digits
oo

oo

Digits

EX

Relative numerical precision:CLE?laSHAW"IG vs. METRIS*8

T A T VNI 14
12
v 10 V)
8
6
-50 0 50 -50 0 50
16
14 T TR PN -
12
Vq: 10 Vr
8
6
-50 0 50 -50 0 50
16
e T — """
12
VM 10 Vw
8
6
-50 0 50 -50 0 50
T T RASTPS TAI T s
Vrr 10 VM
5
-50 0 50 -50 0 50
16
: FANPRPHETEN TN Y
12
VM 10 Vq»r
8
6
-50 0 50 -50 0 50
0() 00)

Figure 8: Relative numerical precision between
CLENSHAW*16 and METRIS*S.
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shows variations with the specific tensor component considered and ranges from 10
to 15 decimal digits in the case of the algorithms developed in spherical coordinates
(LEGENDRE_a*x8, LEGENDRE_bx8 and CLENSHAW%8), while it can get as low as 7
decimal digits in the case of METRIS*8. We believe that the poor agreement between
CLENSHAW=%16 and METRIS*8 is not due to error propagation resulting from the
coordinate transformations. However, a direct comparison between METRIS*8 and
PINES*8 shows that the two algorithms are in very good agreement (Fig. 10). We
believe that the issue of numerical precision should be further investigated.

7.3 Numerical accuracy

The accuracy of the computations performed by each programme can be verified by
computing the values of exact identities incorporating specific tensor components. The
most important and well known of these is the Laplace identity:

3
D Vaa=0 (31)
a=1

which relates the diagonal elements of the second gravity gradient tensor. Other exact
relations involve finite sums of the ALFs and their derivatives; for example:

35 Pon ()] = (N +1)? (32)

n=0 m=0

and

= . (33)

N & [0Pm (0)]° N (N +2) (N +1)2
>y [Hele) 4

We evaluated Eq. (31) with all five computer codes and Egs. (32) and (33) with
LEGENDRE_a only. We found that all algorithms verify Eq. (31) with results of the
order of 107!8 or 107'%; LEGENDRE a reproduces the identities (32) and (33) with
accuracies at the level of 107'* and 107! respectively.

8 Conclusions

We have described, tested and compared four numerical algorithms for spherical har-
monic synthesis applied to the evaluation of the gravitational potential and its first
and second gradients.

The method of Pines is computationally heavy also when running on a spherical
grid: this is due to the large number of longitude-dependent auxiliary functions to be
evaluated. The apparently low performance of LEGENDRE_b both on the grid and
on the orbit might simply be an effect of the mode (interpreted rather than compiled)
in which it runs. The performance of the algorithm of Clenshaw on the GRID is three
orders of magnitude better than all the others: this is due to the very favourable
arrangement of the computations, which requires partial sums over the orders only.
The precision and accuracy of the methods considered is good in most cases, although
some aspects of the tests on numerical precision deserve to be investigated further.
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We conclude that the algorithm of Clenshaw is by far the most efficient and therefore
the most suitable for implementation and use when dealing with large amounts of
observations.
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